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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,v) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by v).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.

Determinare il tipo del termine

Poi calcolare Poi calcolare la sua forma canonica (lazy).



t , rec x. ( ( �y. if y then 0 else 0 ) x )

<latexit sha1_base64="mnBZ53o+fDnCECSJqh2gxeDpGsw="></latexit>



Ex. 1, inferenza di tipi

t , rec x. ( ( �y. if y then 0 else 0 ) x )

<latexit sha1_base64="mnBZ53o+fDnCECSJqh2gxeDpGsw="></latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ! int

<latexit sha1_base64="QhBER4CQBjd+vY1uheI2BEnW52Y=">AAACD3icbVC7TsNAEDyHVwgvA2WaExESVWSjICgjaCiDRB5SYkXnyyaccj5bd2ukyErBJ/AVtFDRIVo+gYJ/wTYuIGGr2Zld7c74kRQGHefTKq2srq1vlDcrW9s7u3v2/kHHhLHm0OahDHXPZwakUNBGgRJ6kQYW+BK6/vQq07v3oI0I1S3OIvACNlFiLDjDlBra1UHA8E5gIhTOBxj+bod2zak7edFl4BagRopqDe2vwSjkcQAKuWTG9F0nQi9hGgWXMK8MYgMR41M2gX4KFQvAeEluYk6PY8MwpBFoKiTNSfi9kbDAmFngp5PZj2ZRy8j/tH6M4wsvNRTFCIpnh1BIyA8ZrkWaDtCR0IDIss+BCkU50wwRtKCM85SM07gqaR7uovtl0Dmtu4362U2j1rwskimTKjkiJ8Ql56RJrkmLtAknD+SJPJMX69F6td6s95/RklXsHJI/ZX18A55AndE=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

: int

<latexit sha1_base64="MJ6CKOJEKgZ2mMj9yifFu3qpxmk=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJSE6XzbhlPPZulsjRVYavoIWKjpEy59Q8C+cjQtImGo0s6udHT+SwqDrfjqFpeWV1bXiemljc2t7p7y71zJhrDk0eShD3fGZASkUNFGghE6kgQW+hLY/uUr99gNoI0J1i9MI+gEbKzESnKGV7i5oL2B4LzARCmeDcsWtuhnoIvFyUiE5GoPyV28Y8jgAhVwyY7qeG2E/YRoFlzAr9WIDEeMTNoaupYoFYPpJlnpGj2LDMKQRaCokzUT4vZGwwJhp4NvJNKOZ91LxP68b4+i8bx+KYgTF00MoJGSHDNfC1gF0KDQgsjQ5UKEoZ5ohghaUcW7F2PZTsn14898vktZJ1atVT29qlfpl3kyRHJBDckw8ckbq5Jo0SJNwoskTeSYvzqPz6rw57z+jBSff2Sd/4Hx8A2GolxM=</latexit>



t , rec x. ( ( �y. if y then 0 else 0 ) x )

<latexit sha1_base64="mnBZ53o+fDnCECSJqh2gxeDpGsw="></latexit>

t ! c - ( ( �y. if y then 0 else 0 ) x )[t/x] ! c

<latexit sha1_base64="NrVaNnb0V3eBAoSHPyoEV0bcpnc="></latexit>

= ( ( �y. if y then 0 else 0 ) t ) ! c

<latexit sha1_base64="AZx/Uq1rY48t9WyKJsehdSFEn1s="></latexit>

7.2 Operational Semantics of HOFL 167

Let us now consider pairing. Obviously, since we consider pairs as canonical
values, we do not have to add further rules for simple pairs. We have instead two
rules for projections:

t ! (t0, t1) t0 ! c0

fst(t) ! c0

t ! (t0, t1) t1 ! c1

snd(t) ! c1

The rules are obviously similar: the canonical form of t is computed, which
must be of the form (t0, t1), because t must have pair type for the projection to be
applicable and fst(t) (and snd(t)) typable. Note however that t0 and t1 need not be
in canonical form. So only the canonical form of the component indicated by the
projection operator is computed, with the other component discarded.

Function abstraction is handled by the axiom for terms already in canonical form,
as in the case of pairing. For function application, we show two rules, according
to two different evaluation strategies, called lazy and eager. In the lazy operational
semantics, we do not evaluate the canonical forms of the parameters when passing
them to the function body. The lazy semantics will be our primary focus in the rest
of this part of the book concerned with HOFL:

t1 ! lx. t 01 t 01[
t0/x] ! c

(t1 t0) ! c
(lazy)

We remark that in the second premise of the rule, we replace each occurrence of x
in t 01 with t0, i.e., we replace each instance of x with a copy of the (non-evaluated)
parameter t0 and not with its canonical form.

For the sake of discussion let us consider the eager alternative to this rule:

t1 ! lx. t 01 t0 ! c0 t 01[
c0/x] ! c

(t1 t0) ! c
(eager)

Unlike the lazy semantics, the eager semantics evaluates the parameters only once
and does so before the substitution. Note that these two types of evaluation are not
equivalent. If the evaluation of the argument does not terminate, and it is not needed,
the lazy rule will guarantee convergence, while the eager rule will diverge. Vice
versa, according to the lazy semantics, if the argument is actually needed it may later
be evaluated several times (every time it is used).

Finally, we have a last rule for recursive terms:

t[rec x. t/x] ! c

rec x. t ! c

- �y. if y then 0 else 0 ! �x0. t0 , t0[t/c0 ] ! c

<latexit sha1_base64="wnSM+PUnBb/cUxahOzmOuFlQ0oA="></latexit>

x0

<latexit sha1_base64="0SJABg87IoOvPbxLNmogGhRte5s=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBA9hV0JqLegF48RzAOSJfROOnHI7IOZXklY8g3eRP/Fm3j17q94chMXMYl1Kqq6qaK8SElDtv1pLS2vrK6t5zbym1vbO7uFvf26CWMtsCZCFeqmBwaVDLBGkhQ2I43gewob3uB64jceUBsZBnc0itD1oR/InhRAqVTrJMOTcadQtEv2FHyROBkpsgzVTuGr3Q1F7GNAQoExLceOyE1AkxQKx/l2bDACMYA+tlIagI/GTaZlx/w4NkAhj1BzqfhUxL8fCfjGjHwvvfSB7s28NxH/81ox9S7cRAZRTBiISRBJhdMgI7RMV0DelRqJYNIcuQy4AA1EqCUHIVIxTmeZCVRAOEzr/CamYznz0yyS+lnJKZcub8vFylU2W44dsiN2yhx2zirshlVZjQkm2SN7Zi/Wk/VqvVnvP6dLVvZzwGZgfXwDqkifMQ==</latexit>

7.2 Operational Semantics of HOFL 167

Let us now consider pairing. Obviously, since we consider pairs as canonical
values, we do not have to add further rules for simple pairs. We have instead two
rules for projections:

t ! (t0, t1) t0 ! c0

fst(t) ! c0

t ! (t0, t1) t1 ! c1

snd(t) ! c1

The rules are obviously similar: the canonical form of t is computed, which
must be of the form (t0, t1), because t must have pair type for the projection to be
applicable and fst(t) (and snd(t)) typable. Note however that t0 and t1 need not be
in canonical form. So only the canonical form of the component indicated by the
projection operator is computed, with the other component discarded.

Function abstraction is handled by the axiom for terms already in canonical form,
as in the case of pairing. For function application, we show two rules, according
to two different evaluation strategies, called lazy and eager. In the lazy operational
semantics, we do not evaluate the canonical forms of the parameters when passing
them to the function body. The lazy semantics will be our primary focus in the rest
of this part of the book concerned with HOFL:

t1 ! lx. t 01 t 01[
t0/x] ! c

(t1 t0) ! c
(lazy)

We remark that in the second premise of the rule, we replace each occurrence of x
in t 01 with t0, i.e., we replace each instance of x with a copy of the (non-evaluated)
parameter t0 and not with its canonical form.

For the sake of discussion let us consider the eager alternative to this rule:

t1 ! lx. t 01 t0 ! c0 t 01[
c0/x] ! c

(t1 t0) ! c
(eager)

Unlike the lazy semantics, the eager semantics evaluates the parameters only once
and does so before the substitution. Note that these two types of evaluation are not
equivalent. If the evaluation of the argument does not terminate, and it is not needed,
the lazy rule will guarantee convergence, while the eager rule will diverge. Vice
versa, according to the lazy semantics, if the argument is actually needed it may later
be evaluated several times (every time it is used).

Finally, we have a last rule for recursive terms:

t[rec x. t/x] ! c

rec x. t ! c

-x0=y,t0=if ... ( if y then 0 else 0 )[t/y] ! c

<latexit sha1_base64="QYyGuVDw6KzNBu0yKE2ZDNATLu0="></latexit>

= ( if t then 0 else 0 ) ! c

<latexit sha1_base64="xEMlaONZWoEoiqNt3kxeva+tsb0="></latexit>

- t ! n , 0 ! c

<latexit sha1_base64="tKBiRasKN2hk5YcS8YJgUYLMzxo=">AAACD3icbVC7TsNAEDzzDOZloExzIkKiQJGNgqCMoKEMEnlIcRStLxs4cT5bd2sQilLwCXwFLVR0iJZPoOBfsEMKXlONZnY1uxOlSlry/XdnZnZufmGxtOQur6yurXsbmy2bZEZgUyQqMZ0ILCqpsUmSFHZSgxBHCtvR1Unht6/RWJnoc7pNsRfDhZZDKYByqe+VQ30DxiQ3oUshJVyHfC/kfkFF36v4VX8C/pcEU1JhUzT63kc4SEQWoyahwNpu4KfUG4EhKRSO3TCzmIK4ggvs5lRDjLY3mjwx5juZhTw1RcOl4hMRv2+MILb2No7yyRjo0v72CvE/r5vR8Kg3kjrNCLUogkgqnARZYWTeDvKBNEgExeXIpeYCDBChkRyEyMUsr8vN+wh+f/+XtParQa16cFar1I+nzZRYmW2zXRawQ1Znp6zBmkywO/bAHtmTc+88Oy/O69fojDPd2WI/4Lx9AtQJm28=</latexit>

same goal from which we started:
no canonical form

(it doesn’t matter if           )n = 0

<latexit sha1_base64="Uqyl1teQeo2NWbqyDdz7Q7CVEPc=">AAAB9XicbVA9TwJBEJ3DL8Qv1NJmIzGxIncGo40J0cYSo3wkcCF7y4Ab9vYuu3MaQvgJtlrZGVt/j4X/xQOvUPBVL+/NZN68IFbSkut+Orml5ZXVtfx6YWNza3unuLvXsFFiBNZFpCLTCrhFJTXWSZLCVmyQh4HCZjC8mvrNBzRWRvqORjH6IR9o2ZeCUyrd6gu3Wyy5ZXcGtki8jJQgQ61b/Or0IpGEqEkobm3bc2Pyx9yQFAonhU5iMeZiyAfYTqnmIVp/PIs6YUeJ5RSxGA2Tis1E/L0x5qG1ozBIJ0NO93bem4r/ee2E+uf+WOo4IdRieoikwtkhK4xMO0DWkwaJ+DQ5MqmZ4IYToZGMC5GKSVpKIe3Dm/9+kTROyl6lfHpTKVUvs2bycACHcAwenEEVrqEGdRAwgCd4hhfn0Xl13pz3n9Gck+3swx84H99udpIA</latexit>

Ex. 1, forma canonica?
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,v) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by v).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.

Determinare il tipo del termine

Poi calcolare Poi calcolare le forme canoniche (lazy) dei termini seguenti.



map , �f . �x . ( ( f fst(x) ) , ( f snd(x) ) )

<latexit sha1_base64="v2RdaAFsyWEv0oDS4laY1/Qr/e0="></latexit>



Ex. 2, inferenza di tipi
map , �f . �x . ( ( f fst(x) ) , ( f snd(x) ) )

<latexit sha1_base64="v2RdaAFsyWEv0oDS4laY1/Qr/e0="></latexit>

⌧1 ⇤ ⌧2

<latexit sha1_base64="KfKJ5jczEXRuYCkDq5bek11TmjQ=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESEhisiOgqCMoKEMEnlIiRWtL5twyvnB3RopilLwFbRQ0SFaPoWCf8E2LiBhmh3N7Gp3x4uUNGTbn9bS8srq2npho7i5tb2zW9rbb5kw1gKbIlSh7nhgUMkAmyRJYSfSCL6nsO2Nr1K//YDayDC4pUmErg+jQA6lAEokt0cQ953TrFT7pbJdsTPwReLkpMxyNPqlr94gFLGPAQkFxnQdOyJ3CpqkUDgr9mKDEYgxjLCb0AB8NO40O3rGj2MDFPIINZeKZyL+npiCb8zE95JOH+jOzHup+J/XjWl44U5lEMWEgUgXkVSYLTJCyyQN5AOpkQjSy5HLgAvQQIRachAiEeMknmKShzP//SJpVStOrXJ2UyvXL/NkCuyQHbET5rBzVmfXrMGaTLB79sSe2Yv1aL1ab9b7T+uSlc8csD+wPr4BziiWIA==</latexit>

⌧1

<latexit sha1_base64="DsPhWcoXrS8ZDSN82r/ifFuk414=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIMbmkaoevDOJAjKYBSqd0niAfOoFqz63YOvkicgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoWzSj82GIGYwBh7KQ3AR+MmedoZP4oNUMgj1Fwqnov4eyMB35ip76WTPtCdmfcy8T+vF9Powk1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw5n/fpG0T+rOaf3s5rTWuCyaKbMDdsiOmcPOWYNdsyZrMcHu2RN7Zi/Wo/VqvVnvP6Mlq9jZZ39gfXwD/zeTeQ==</latexit>

⌧1 ! ⌧

<latexit sha1_base64="99Rk4S/Q2JXz/AeMy5GwdX5aZw0=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTEitwZjJZEG0tMBEm4C5lbBtyw95HdWRNCKP0VtlrZGVt/iIX/xeOkUPBVL+/N5M28MFXSkOt+OoWV1bX1jeJmaWt7Z7dc2dtvm8RqgS2RqER3QjCoZIwtkqSwk2qEKFR4F46uZv7dA2ojk/iWxikGEQxjOZACKJN6lbJPYHse9ynhOa1U3Zqbgy8Tb06qbI5mr/Ll9xNhI4xJKDCm67kpBRPQJIXCacm3BlMQIxhiN6MxRGiCSX74lB9bA1lwippLxXMRf29MIDJmHIXZZAR0bxa9mfif17U0uAgmMk4tYSxmQSQV5kFGaJk1grwvNRLB7HLkMuYCNBChlhyEyESbVVTK+vAWv18m7dOaV6+d3dSrjct5M0V2yI7YCfPYOWuwa9ZkLSaYZU/smb04j86r8+a8/4wWnPnOAfsD5+Mby4iXKQ==</latexit>

⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

⌧1 ⇤ ⌧2

<latexit sha1_base64="KfKJ5jczEXRuYCkDq5bek11TmjQ=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESEhisiOgqCMoKEMEnlIiRWtL5twyvnB3RopilLwFbRQ0SFaPoWCf8E2LiBhmh3N7Gp3x4uUNGTbn9bS8srq2npho7i5tb2zW9rbb5kw1gKbIlSh7nhgUMkAmyRJYSfSCL6nsO2Nr1K//YDayDC4pUmErg+jQA6lAEokt0cQ953TrFT7pbJdsTPwReLkpMxyNPqlr94gFLGPAQkFxnQdOyJ3CpqkUDgr9mKDEYgxjLCb0AB8NO40O3rGj2MDFPIINZeKZyL+npiCb8zE95JOH+jOzHup+J/XjWl44U5lEMWEgUgXkVSYLTJCyyQN5AOpkQjSy5HLgAvQQIRachAiEeMknmKShzP//SJpVStOrXJ2UyvXL/NkCuyQHbET5rBzVmfXrMGaTLB79sSe2Yv1aL1ab9b7T+uSlc8csD+wPr4BziiWIA==</latexit>

⌧2

<latexit sha1_base64="os8etucYIKVN5duI1ODySHMTZ8k=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCiDRB5SYkXryyYcOT90t0YKVv6BFio6RMvfUPAvOMYFJEw1mtnVzo4XKWnItj+twsrq2vpGcbO0tb2zu1feP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa7mfucBtZFhcEvTCF0fxoEcSQGUSu0+QTyoDcoVu2pn4MvEyUmF5WgOyl/9YShiHwMSCozpOXZEbgKapFA4K/VjgxGICYyxl9IAfDRukqWd8ZPYAIU8Qs2l4pmIvzcS8I2Z+l466QPdmUVvLv7n9WIaXbiJDKKYMBDzQyQVZoeM0DKtAflQaiSCeXLkMuACNBChlhyESMU47aWU9uEsfr9M2rWqU6+e3dQrjcu8mSI7YsfslDnsnDXYNWuyFhPsnj2xZ/ZiPVqv1pv1/jNasPKdQ/YH1sc3ANWTeg==</latexit>

⌧1 ! ⌧

<latexit sha1_base64="99Rk4S/Q2JXz/AeMy5GwdX5aZw0=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTEitwZjJZEG0tMBEm4C5lbBtyw95HdWRNCKP0VtlrZGVt/iIX/xeOkUPBVL+/N5M28MFXSkOt+OoWV1bX1jeJmaWt7Z7dc2dtvm8RqgS2RqER3QjCoZIwtkqSwk2qEKFR4F46uZv7dA2ojk/iWxikGEQxjOZACKJN6lbJPYHse9ynhOa1U3Zqbgy8Tb06qbI5mr/Ll9xNhI4xJKDCm67kpBRPQJIXCacm3BlMQIxhiN6MxRGiCSX74lB9bA1lwippLxXMRf29MIDJmHIXZZAR0bxa9mfif17U0uAgmMk4tYSxmQSQV5kFGaJk1grwvNRLB7HLkMuYCNBChlhyEyESbVVTK+vAWv18m7dOaV6+d3dSrjct5M0V2yI7YCfPYOWuwa9ZkLSaYZU/smb04j86r8+a8/4wWnPnOAfsD5+Mby4iXKQ==</latexit>

= ⌧1

<latexit sha1_base64="djwqESIbRowW+ZpPgkP1Q9hAztc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETSUQSIPKbGi9WUTTjk/dLdGiqx8BC1UdIiWr6HgX7CNC0iYajSzq50dL1LSkG1/WqWV1bX1jfJmZWt7Z3evun/QMWGsBbZFqELd88CgkgG2SZLCXqQRfE9h15veZH73EbWRYXBPswhdHyaBHEsBlErdqwFBPHSG1Zpdt3PwZeIUpMYKtIbVr8EoFLGPAQkFxvQdOyI3AU1SKJxXBrHBCMQUJthPaQA+GjfJ4875SWyAQh6h5lLxXMTfGwn4xsx8L530gR7MopeJ/3n9mMaXbiKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzVnca9fO7Rq15XTRTZkfsmJ0yh12wJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf34TAk8A=</latexit>

⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

⌧ ⇤ ⌧

<latexit sha1_base64="FCy246W9gWfIQjLFPNG+10izFjE=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgJUUQ2CoIygoYySOSBEitaXzbhlPNDd2ukyMpX0EJFh2j5GAr+Bdu4gMAUq9HMrnZ3vEhJQ7b9YZWWlldW18rrlY3Nre2d6u5ex4SxFtgWoQp1zwODSgbYJkkKe5FG8D2FXW96lfndB9RGhsEtzSJ0fZgEciwFUCrdDQjik6wMqzW7bufgf4lTkBor0BpWPwejUMQ+BiQUGNN37IjcBDRJoXBeGcQGIxBTmGA/pQH4aNwkP3jOj2IDFPIINZeK5yL+nEjAN2bme2mnD3RvFr1M/M/rxzS+cBMZRDFhILJFJBXmi4zQMk0C+UhqJILscuQy4AI0EKGWHIRIxTiNppLm4Sx+/5d0TutOo35206g1L4tkyuyAHbJj5rBz1mTXrMXaTDCfPbIn9mzNrRfr1Xr7bi1Zxcw++wXr/QtorZTX</latexit>

⌧1 ⇤ ⌧1

<latexit sha1_base64="vdPHudTTbZC0jnTUS65VUsOTV8Q=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESEhishGQVBG0FAGiTykxIrWl0045fzgbo0UWSn4Clqo6BAtn0LBv2A7KSBhmh3N7Gp3x4uUNGTbX9bS8srq2npho7i5tb2zW9rbb5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrjO/9YjayDC4o3GErg/DQA6kAEolt0sQ95zTaemVynbFzsEXiTMjZTZDvVf67vZDEfsYkFBgTMexI3IT0CSFwkmxGxuMQIxgiJ2UBuCjcZP86Ak/jg1QyCPUXCqei/h7IgHfmLHvpZ0+0L2Z9zLxP68T0+DSTWQQxYSByBaRVJgvMkLLNA3kfamRCLLLkcuAC9BAhFpyECIV4zSeYpqHM//9ImmeVZxq5fy2Wq5dzZIpsEN2xE6Ywy5Yjd2wOmswwR7YM3thr9aT9Wa9Wx/T1iVrNnPA/sD6/AHMmZYf</latexit>

⌧1 ⇤ ⌧1 ! ⌧ ⇤ ⌧

<latexit sha1_base64="NjNamCsQcNEpOCbpgkP2evOryrU=">AAACD3icbVC7TgJBFJ3FF+ILtaSZSEyMBdk1GC2JNpaYyCNhCbk7XHDC7CMzd00IofAT/ApbreyMrZ9g4b+4C1soeJs595x7c+YeL1LSkG1/WbmV1bX1jfxmYWt7Z3evuH/QNGGsBTZEqELd9sCgkgE2SJLCdqQRfE9hyxtdp3rrAbWRYXBH4wi7PgwDOZACKKF6xZJLEPec0/nDXQp5Cud9sWxX7FnxZeBkoMyyqveK324/FLGPAQkFxnQcO6LuBDRJoXBacGODEYgRDLGTwAB8NN3J7IgpP44NJO4Rai4Vn5H4e2MCvjFj30smfaB7s6il5H9aJ6bBZXcigygmDERqRFLhzMgILZN0kPelRiJIf45cBlyABiLUkoMQCRkncRWSPJzF65dB86ziVCvnt9Vy7SpLJs9K7IidMIddsBq7YXXWYII9smf2wl6tJ+vNerc+5qM5K9s5ZH/K+vwBZuWb0Q==</latexit>

⌧1 ! ⌧

<latexit sha1_base64="99Rk4S/Q2JXz/AeMy5GwdX5aZw0=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTEitwZjJZEG0tMBEm4C5lbBtyw95HdWRNCKP0VtlrZGVt/iIX/xeOkUPBVL+/N5M28MFXSkOt+OoWV1bX1jeJmaWt7Z7dc2dtvm8RqgS2RqER3QjCoZIwtkqSwk2qEKFR4F46uZv7dA2ojk/iWxikGEQxjOZACKJN6lbJPYHse9ynhOa1U3Zqbgy8Tb06qbI5mr/Ll9xNhI4xJKDCm67kpBRPQJIXCacm3BlMQIxhiN6MxRGiCSX74lB9bA1lwippLxXMRf29MIDJmHIXZZAR0bxa9mfif17U0uAgmMk4tYSxmQSQV5kFGaJk1grwvNRLB7HLkMuYCNBChlhyEyESbVVTK+vAWv18m7dOaV6+d3dSrjct5M0V2yI7YCfPYOWuwa9ZkLSaYZU/smb04j86r8+a8/4wWnPnOAfsD5+Mby4iXKQ==</latexit>

(⌧1 ! ⌧) ! ⌧1 ⇤ ⌧1 ! ⌧ ⇤ ⌧

<latexit sha1_base64="fNy8GiXoz4DoAwh8i/63llFGENA=">AAACI3icbVDLSgNBEJz1GeNr1aOXwSBED3FXInoMevGoYBIhG0LvpBMHZx/M9AoS/Aw/wa/wqidv4sWD/+Jssoivvkx1VTc1XWGqpCHPe3empmdm5+ZLC+XFpeWVVXdtvWWSTAtsikQl+jIEg0rG2CRJCi9TjRCFCtvh9Umut29QG5nEF3SbYjeCYSwHUgBZqufuVQOCrOcHlORgh1vAJ9Tu5PliJr1b8WreuPhf4Begwoo667kfQT8RWYQxCQXGdHwvpe4INEmh8K4cZAZTENcwxI6FMURouqPxYXd8OzNg3VPUXCo+JvH7xggiY26j0E5GQFfmt5aT/2mdjAZH3ZGM04wwFrkRSYVjIyO0tIkh70uNRJD/HLmMuQANRKglByEsmdkIyzYP//f1f0Frv+bXawfn9UrjuEimxDbZFqsynx2yBjtlZ6zJBLtnj+yJPTsPzovz6rxNRqecYmeD/Sjn4xMY0aOE</latexit>

map : (⌧1 ! ⌧) ! ⌧1 ⇤ ⌧1 ! ⌧ ⇤ ⌧

<latexit sha1_base64="9EkCNg2d/xvEfQR1DZb4fh5dUDs=">AAACNHicbVDLSgNBEJz1GeMr6tHLYBCih7AriuIp6MVjBPOAbAi9k1YHZx/M9Aqy5Hf8BL/Cq4KgJ/HqNzibBNFoX6a6qpueqiBR0pDrvjhT0zOzc/OFheLi0vLKamltvWniVAtsiFjFuh2AQSUjbJAkhe1EI4SBwlZwc5rrrVvURsbRBd0l2A3hKpKXUgBZqleq+SHQtaQshGTg82OfV3yCtOf5FOdgh1vAR9Tu6PlmRn2p7FbdYfG/wBuDMhtXvVd68/uxSEOMSCgwpuO5CXUz0CSFwkHRTw0mIG7gCjsWRhCi6WZDpwO+nRqw1xPUXCo+JPHnRgahMXdhYCdzX2ZSy8n/tE5Kl0fdTEZJShiJ/BBJhcNDRmhpI0TelxqJIP85chlxARqIUEsOQlgytZkWbR7epPu/oLlX9farB+f75drJOJkC22RbrMI8dshq7IzVWYMJds8e2RN7dh6cV+fd+RiNTjnjnQ32q5zPL8Srqnk=</latexit>



Ex. 2a, forma canonica
map , �f . �x . ( ( f fst(x) ) , ( f snd(x) ) )

<latexit sha1_base64="v2RdaAFsyWEv0oDS4laY1/Qr/e0="></latexit>

t1 , map (�z. 2⇥ z) (1, 2)

<latexit sha1_base64="WpvgTzGhTRHKEW2/9aU/OTpQs+E="></latexit>

t1 ! c - (map (�z. 2⇥ z)) ! �x0. t0 , t0[(1,2)/x0 ] ! c

<latexit sha1_base64="CH5gutRuELtefHnh1syRHEvbif4=">AAACX3icbVBNb9NAEF2bjxYDxcAJcVkRoSRSFeyoCI4VXDgWibSVssYab6ZllfXa2h3TD8v8R44cOPAruLI2QYKWOT29NzNv5hW1Vo6S5FsQ3rh56/bW9p3o7r37Ow/ih48OXdVYiQtZ6coeF+BQK4MLUqTxuLYIZaHxqFi/7fWjz2idqswHuqgxK+HUqBMlgTyVx2vKUy6o4jISXJgzsLY6E9FElECfFLUl1N2XidB+4wr45U zwuSBVouOX02k/90c6H3uNxoLviojGy4/tJN2dT7sXeXs+7rLBIY9HySwZil8H6QaM2KYO8vi7WFWyKdGQ1ODcMk1qylqwpKTGLhKNwxrkGk5x6aEBf1fWDqF0/HnjwLvWaLnSfCDx74kWSucuysJ39r+6q1pP/k9bNnTyOmuVqRtCI3sjUhoHIyet8mkjXymLRNBfjlwZLsECEVrFQUpPNj7+yOeRXv3+Ojicz9K92cv3e6P9N5tkttlT9oxNWMpesX32jh2wBZPsK/sZsCAIfoRb4U4Y/24Ng83MY/ZPhU9+Abfqssw=</latexit>

- map ! �f 0. t00 , t00[�z. 2⇥z/f 0 ] ! �x0. t0 , t0[(1,2)/x0 ] ! c

<latexit sha1_base64="b/AjPZ+BduouT7MmxBQ+lWdrKWs="></latexit>

-f 0=f,t00=�x... (�x. ((f fst(x)), (f snd(x))))[�z. 2⇥z/f ] ! �x0. t0 , t0[(1,2)/x0 ] ! c

<latexit sha1_base64="RAe3zili2mkygJIBpSoBFBBVA/Y="></latexit>

= (�x. (((�z. 2⇥ z) fst(x)), ((�z. 2⇥ z) snd(x)))) ! �x0. t0 , t0[(1,2)/x0 ] ! c

<latexit sha1_base64="ER4mGJ+07HRQ3Pe1h6qN01Pww9c="></latexit>

-x0=x,t0=(...,...) (((�z. 2⇥ z) fst(x)), ((�z. 2⇥ z) snd(x)))[(1,2)/x] ! c

<latexit sha1_base64="v/1y7nmjXwuSPnYiEa8xk9Ei3HI="></latexit>

= (((�z. 2⇥ z) fst(1, 2)), ((�z. 2⇥ z) snd(1, 2))) ! c

<latexit sha1_base64="q1hRBWHRLdkE7jOC5ef0OjUqc5w="></latexit>

-c=(((�z. 2⇥z) fst(1,2)),((�z. 2⇥z) snd(1,2))) ⇤

<latexit sha1_base64="eORRpmR0U73T6a62IPlSnnVIQss=">AAACY3ichVFNSyNBFOwZddWoa/y4LUKzQZiAhJmguJcFcS8eFYwKmRDedF60sadn7H6j6BD/pQcPe9xfsRd74hzWD9h3Kqrq8aqrk1xJS2H47Pkzs3Nf5hcWG0vLK19Xm2vrZzYrjMCeyFRmLhKwqKTGHklSeJEbhDRReJ5c/6r081s0Vmb6lO5zHKRwqeVYCiBHDZtZrO/AmOxuWIqfjSAIYuWWR8AfOjHvxiRTtPyh/RinQF fJuBxbmgTRTrfd3vmv1+pR7W1PeGxvCjA4bLbCTjgd/hFENWixeo6Hzd/xKBNFipqEAmv7UZjToARDUiicNOLCYg7iGi6x76AGF2JQTouZ8O3CAmU8R8Ol4lMS/90oIbX2Pk2cs8ps32sV+ZnWL2j8Y1BKnReEWlSHSCqcHrLCSNc48pE0SARVcuRScwEGiNBIDkI4snBf0HB9RO9f/xGcdTvRbmfvZLd1cFg3s8C+se8sYBHbZwfsiB2zHhPsif31Zr0574+/5K/7m69W36t3Ntib8bdeAIAmtT8=</latexit>

7.2 Operational Semantics of HOFL 167

Let us now consider pairing. Obviously, since we consider pairs as canonical
values, we do not have to add further rules for simple pairs. We have instead two
rules for projections:

t ! (t0, t1) t0 ! c0

fst(t) ! c0

t ! (t0, t1) t1 ! c1

snd(t) ! c1

The rules are obviously similar: the canonical form of t is computed, which
must be of the form (t0, t1), because t must have pair type for the projection to be
applicable and fst(t) (and snd(t)) typable. Note however that t0 and t1 need not be
in canonical form. So only the canonical form of the component indicated by the
projection operator is computed, with the other component discarded.

Function abstraction is handled by the axiom for terms already in canonical form,
as in the case of pairing. For function application, we show two rules, according
to two different evaluation strategies, called lazy and eager. In the lazy operational
semantics, we do not evaluate the canonical forms of the parameters when passing
them to the function body. The lazy semantics will be our primary focus in the rest
of this part of the book concerned with HOFL:

t1 ! lx. t 01 t 01[
t0/x] ! c

(t1 t0) ! c
(lazy)

We remark that in the second premise of the rule, we replace each occurrence of x
in t 01 with t0, i.e., we replace each instance of x with a copy of the (non-evaluated)
parameter t0 and not with its canonical form.

For the sake of discussion let us consider the eager alternative to this rule:

t1 ! lx. t 01 t0 ! c0 t 01[
c0/x] ! c

(t1 t0) ! c
(eager)

Unlike the lazy semantics, the eager semantics evaluates the parameters only once
and does so before the substitution. Note that these two types of evaluation are not
equivalent. If the evaluation of the argument does not terminate, and it is not needed,
the lazy rule will guarantee convergence, while the eager rule will diverge. Vice
versa, according to the lazy semantics, if the argument is actually needed it may later
be evaluated several times (every time it is used).

Finally, we have a last rule for recursive terms:

t[rec x. t/x] ! c

rec x. t ! c



Ex. 2b, forma canonica

-⇤
t01=(�z. 2⇥z) fst(1,2) , t02=(�z. 2⇥z) snd(1,2) (�z. 2⇥ z) fst(1, 2) ! c

<latexit sha1_base64="54e0xyf4ij/RLw2JMOCuMgOPwto="></latexit>

- �z. 2⇥ z ! �z0. t0 , t0[fst(1,2)/z0 ] ! c

<latexit sha1_base64="6E9WmtFbYWOuNjGd0sAsbTGIdwo=">AAACTnicbVBNb9NAEF2HtgT3K9Ajl1WjKq1UBTsqgmNFLxyLRNqqWTcabyZl1fXa2h1TNZb/Gz+BKweuXOHEDcE6RIh+zOnpvXmaNy8ttHIURV+C1qOl5ZXH7Sfh6tr6xmbn6bMTl5dW4lDmOrdnKTjUyuCQFGk8KyxClmo8Ta+OGv30I1qncvOebgpMMrg0aqokkKfGnXNhrsHa/DoU2rsmwGd9wQeCVIaOz7ignP9Tel6inu D7IqTe6KISGdCHdFpNHdW78f5gr34xrma9OmlcctzpRv1oPvw+iBegyxZzPO58FZNclhkakhqcG8VRQUkFlpTUWIeidFiAvIJLHHlowEdMqnkHNd8pHfirBVquNJ+T+L+jgsy5myz1m01qd1dryIe0UUnT10mlTFESGtkcIqVxfshJq3y5yCfKIhE0yZErwyVYIEKrOEjpydK3Hfo+4rvf3wcng3580H/57qB7+GbRTJs9Z9tsl8XsFTtkb9kxGzLJPrFv7Dv7EXwOfga/gt9/V1vBwrPFbk2r/QdVS7JT</latexit>

-z0=z,t0=2⇥z (2⇥ z)[fst(1,2)/z] ! c

<latexit sha1_base64="25/gOwAlymF6YI1u/HnLETlaZlE=">AAACPHicbVDBTttAEF1TKCGFkpYjlxVRRZBQakeg9hIJlQtHkAggxSYaLxO6Yr22dsdFxPIv8Ql8RS8c4MQNceXMOkSIQuf09Gae3psXZ0pa8v1rb+rD9MzH2dpc/dP8wufFxpevBzbNjcCeSFVqjmKwqKTGHklSeJQZhCRWeBifbVf7wz9orEz1Pl1kGCVwquVQCiBHDRo7oT4HY9LzQTFa7Y7WabXbCUkmaPmorLde8Fr/uA gToN/xsBhaKlvBemet/O5UZRRSysWg0fTb/nj4exBMQJNNZnfQuAlPUpEnqEkosLYf+BlFBRiSQmFZD3OLGYgzOMW+gxpcjqgYf1zyb7kF55qh4VLxMYmvFQUk1l4ksbusQtu3u4r8366f0/BnVEid5YRaVEYkFY6NrDDSVYn8RBokgio5cqm5AANEaCQHIRyZu27rro/g7ffvwUGnHWy0N/c2mlu/Js3U2DJbYS0WsB9si+2wXdZjgl2yv+yG3XpX3p137z08n055E80S+2e8xyd8O63Z</latexit>

= (2⇥ fst(1, 2)) ! c

<latexit sha1_base64="7Ol9a3ozUZ1o4tKXelij3DMQrOM=">AAACFnicbVC7SgNBFJ2NrxhfUUubIUFIQMJuiGgjBG0sI5gHZEOYndzEIbMPZu4KYUnvJ/gVtlrZia2thf/ibEyhiac6nHMv597jRVJotO1PK7Oyura+kd3MbW3v7O7l9w9aOowVhyYPZag6HtMgRQBNFCihEylgvieh7Y2vUr99D0qLMLjFSQQ9n40CMRScoZH6+cJFrlR1UfigqeszvPOGyVDjtOScVMtlF0PK+/miXbFnoMvEmZMimaPRz3+5g5DHPgTIJdO669gR9hKmUHAJ05wba4gYH7MRdA0NmAnvJbNfpvQ41sykRqCokHQmwu+NhPlaT3zPTKbn6kUvFf/zujEOz3uJCKIYIeBpEAoJsyDNlTAlAR0IBYgsvRyoCChniiGCEpRxbsTYtJYzfTiL3y+TVrXi1CqnN7Vi/XLeTJYckQIpEYeckTq5Jg3SJJw8kCfyTF6sR+vVerPef0Yz1nznkPyB9fENGsCdqQ==</latexit>

-c=n1⇥n2 2 ! n1 , fst(1, 2) ! n2

<latexit sha1_base64="sw/QIMIfBV5ZP9uthji9HKoRibg=">AAACQXicbVBNa9tAEF25X6nSNk5z7GWpKSQQjCRc2kshJJdcAi7UscEyYrQeu0tWK7E7aghCvyo/Ib/Ch1zaU24h1166cnRok87p8d7MvJmXFkpaCoKV13ny9NnzFxsv/c1Xr99sdbffntq8NAJHIle5maRgUUmNI5KkcFIYhCxVOE7Pjhp9/AONlbn+RhcFzjJYarmQAshRSfck1udgTH6eVOKLTsK41HM0zbYqJpmhrblOot qPYsp5o/P9mPtxBvQ9XVQLS/VuuB/t3atR0u0F/WBd/DEIW9BjbQ2T7nU8z0WZoSahwNppGBQ0q8CQFAprPy4tFiDOYIlTBzW4i2bV+u2afygtON8CDZeKr0n8e6KCzNqLLHWdzb32odaQ/9OmJS0+zyqpi5JQi8aIpMK1kRVGujyRz6VBImguRy41F2CACI3kIIQjSxew7/IIH37/GJxG/XDQ//h10Ds4bJPZYO/Ye7bLQvaJHbBjNmQjJtglW7Gf7Jd35d14t97dfWvHa2d22D/l/f4DBcyvag==</latexit>

-⇤
n1=2 (1, 2) ! (t001 , t

00
2) , t001 ! n2

<latexit sha1_base64="Wx5y3EmT8RAs7dW3VJUl6FcVYdQ=">AAACLnicbVDLSuRAFK34Go2P6RmXbgobsZWmSRqHGQYE0Y1LBVuFThtuyqtTWKmEqpsRCf0vfoJf4VZXggtx62dYib1wdM6iOJxzL6fuSXIlLQXBozc2PjE59WV6xp+dm1/42vj2/dBmhRHYE5nKzHECFpXU2CNJCo9zg5AmCo+Si53KP/qLxspMH9BVjoMUzrU8kwLISXHjd6QvwZjs8mQ9LnUcbnaHfitsd9ciyniLVlfjsF 29TuDtyK+FytJxN240g05Qg38m4Yg02Qh7ceMpOs1EkaImocDafhjkNCjBkBQKh35UWMxBXMA59h3VkKIdlPWNQ75SWHC5ORouFa9FfL9RQmrtVZq4yRToj/3oVeL/vH5BZ78GpdR5QahFFURSYR1khZGuPOSn0iARVD9HLjUXYIAIjeQghBML16bv+gg/Xv+ZHHY74Ubnx/5Gc2t71Mw0W2LLrMVC9pNtsV22x3pMsGt2y+7YvXfjPXhP3vPb6Jg32llk/8B7eQXkqqRd</latexit>

-t001 =1,t002 =2 1 ! n2

<latexit sha1_base64="Lo1Ttc+W8yNX7n25G4YIiYKw3GM=">AAACF3icbVC7SgNBFJ31bXxFLW0Gg8RCwm6IaCOINpYKRgNJWO6OVx2cnV1m7hrCkg/wE/wKW63sxNbSwn9xNqbwdZo5nHMvZ+6JUiUt+f67NzY+MTk1PTNbmptfWFwqL6+c2SQzApsiUYlpRWBRSY1NkqSwlRqEOFJ4Ht0cFv75LRorE31K/RS7MVxpeSkFkJPCcqWje2BM0gtzqlbDYC/YKt76Xn1QCjqUcB3W3ZRf84fgf0 kwIhU2wnFY/uhcJCKLUZNQYG078FPq5mBICoWDUiezmIK4gStsO6ohRtvNh8cM+EZmweWmaLhUfCji940cYmv7ceQmY6Br+9srxP+8dkaXu91c6jQj1KIIIqlwGGSFka4l5BfSIBEUP0cuNRdggAiN5CCEEzNXW8n1Efy+/i85q9eCRm37pFHZPxg1M8PW2DrbZAHbYfvsiB2zJhPsjj2wR/bk3XvP3ov3+jU65o12VtkPeG+fNrqdoA==</latexit>

-n2=1 ⇤

<latexit sha1_base64="UL38l97XPAhZqdzS8e0hvXG+j/Q=">AAACDHicbVC7SgNBFJ31GeMraiPYDAbBKuyGiDaCaGMZwWggWZa7k6sOmZ1dZ+4qsugn+BW2WtmJrf9g4b+4iVto4qkO59znCRMlLbnupzMxOTU9M1uaK88vLC4tV1ZWz2ycGoEtEavYtEOwqKTGFklS2E4MQhQqPA/7RwP//AaNlbE+pbsE/QgutbyQAiiXgsp6V9+CMfFtkOmgvu/dl7v2OgWDQaXq1twh+DjxClJlBZpB5a vbi0UaoSahwNqO5ybkZ2BICoX53NRiAqIPl9jJqYYIrZ8NP7jnW6kFinmChkvFhyL+7sggsvYuCvPKCOjKjnoD8T+vk9LFnp9JnaSEWgwWkVQ4XGSFkXk0yHvSIBEMLkcuNRdggAiN5CBELqZ5VuU8D2/0+3FyVq95jdrOSaN6cFgkU2IbbJNtM4/tsgN2zJqsxQR7YE/smb04j86r8+a8/5ROOEXPGvsD5+MbTF6bTw==</latexit>

c = n1⇥n2 = 2⇥1 = 2

<latexit sha1_base64="V9QfBhw97A9ZnfmHj4w+uRpVzNs=">AAACKXicbVDLSsNAFJ34rPUVdelmsAiuSlJadFMounFZwT6gKWEyva1DJ5MwcyOU0C/xE/wKt7pyp4Irf8SkdqGtZ3U45945c08QS2HQcd6tldW19Y3NwlZxe2d3b98+OGybKNEcWjySke4GzIAUClooUEI31sDCQEInGF/lfucetBGRusVJDP2QjZQYCs4wk3y7xuvKd71EDUDnb6QeihDMVPkVWqeVZcPNZd8uOWVnBrpM3DkpkTmavv3pDSKehKCQS2ZMz3Vi7KdMo+ASpkUvMRAzPmYj6GVUsSyqn87Om9LTxDCMaAyaCklnIvzeSFlozCQMssmQ4Z1Z9HLxP6+X4PCinwoVJwiK50EoJMyCDNci6w3oQGhAZPnPgQpFOdMMEbSgjPNMTLIii1kf7uL1y6RdKbvVcu2mWmpczpspkGNyQs6IS85Jg1yTJmkRTh7IE3kmL9aj9Wq9WR8/oyvWfOeI/IH19Q0N4Kam</latexit>

<latexit sha1_base64="trHU2QwBBgwf865kkSZz3Ta97eI=">AAAChnicjVFNb9NAEF2br2A+GuCIhFZECEeqLDuiFCmXCC4ci0TaStkoGq8nZdX12todV7RW+BH8Ow78D46sTQ6h5cCcnt7MvDcfea2VozT9EYS3bt+5e29wP3rw8NHjveGTp8euaqzEuax0ZU9zcKiVwTkp0nhaW4Qy13iSn3/o8icXaJ2qzGe6rHFZwplRayWBPLUafqdVxgVVPIrFlEeC8Cv1qm2uG9y0cSy0VyuAXyWCTw SpEh2/Gn8TJdCXfN2uHW3ibH8yHm8iMd0X010Ni8V/SDhT7EiMV8NRmqR98Jsg24IR28bRavhTFJVsSjQkNTi3yNKali1YUlKj12wc1iDP4QwXHhrw/su2n3DDXzUO/Po1Wq4070nc7WihdO6yzH1lN667nuvIf+UWDa3fLVtl6obQyM6IlMbeyEmr/FOQF8oiEXSTI1eGS7BAhFZxkNKTjf9S5O+RXd/+JjieJNnbJPv0ZjR7v73MgD1nL1nMMnbIZuwjO2JzJtmv4EXwOojDQZiEB+Hhn9Iw2PY8Y39FOPsNC4rAlw==</latexit>

t1 ! ( ((�z. 2⇥ z) fst(1, 2)) , ((�z. 2⇥ z) snd(1, 2)) )
<latexit sha1_base64="JxohQFUenxM8J9FnVdCtVO4IZGA=">AAACOHicbVDBbtNAEF2HUoqBNsCRy6pRRSpFkR1VwLGCHjgWqWkrZSNrvJ2EVdZra3dMVFn5oX5Cv4JrkSpxQ1z5AtZuDm3Sd1i9eTOj2ffSQitHUXQTtJ5sPN18tvU8fPHy1fZO+/WbU5eXVuJQ5jq35yk41MrgkBRpPC8sQpZqPEtnX+r+2Q+0TuXmhC4LHGcwNWqiJJCXkvaRyIC+p5Nq4mjRpSTeF5RzGQouzByszeeCh1 6u1S69T+Kefwb7gvcEr8tmOml3on7UgK+TeEk6bInjpH0rLnJZZmhIanBuFEcFjSuwpKTGRShKhwXIGUxx5KmBDN24atwu+F7pwF8t0HKleSPi/Y0KMucus9RP1t7caq8WH+uNSpp8GlfKFCWhkfUhUhqbQ05a5WNEfqEsEkH9c+TKcAkWiNAqDlJ6sfS5hj6PeNX9Ojkd9OMP/fjbQefw8zKZLfaO7bIui9lHdsi+smM2ZJJdsZ/shv0KroPfwZ/g791oK1juvGUPEPz7D0PCqcg=</latexit>

fst(t1) ! c - t1 ! (t01, t
0
2) , t01 ! c
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,vD) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by vD).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.



Ex. 3, CPO dei puntifissi
FPf , { d | d = f(d) }

<latexit sha1_base64="nyUI2SAcUdWEzylF8oWfwA8W2FE="></latexit>

l’insieme di tutti i punti fissi di f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

(FPf ,v)

<latexit sha1_base64="HK7W0zV+P+oW7vw72kRL4OW2xQA=">AAACEHicbVDLSgNBEJyNrxhfqx71MBiECBJ2JaLHoCAeI5gHZJcwO+nEIbOPzPQKYcnFT/ArvOrJm3j1Dzz4L27WHDSxTkVVN11dXiSFRsv6NHILi0vLK/nVwtr6xuaWub3T0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW9wOfGb96C0CINbHEXg+qwfiJ7gDFOpY+6XHJ/hne4lV7Vxp0ePHT3UsacBYXjUMYtW2cpA54k9JUUyRa1jfjndkMc+BMgl07ptWxG6CVMouIRxwYk1RIwPWB/aKQ2YD9pNsi/G9DDWDEMagaJC0kyE3xsJ87Ue+V46mUWe9Sbif147xt65m4ggihECPjmEQkJ2SHMl0nqAdoUCRDZJDlQElDPFEEEJyjhPxTjtq5D2Yc9+P08aJ2W7Uj69qRSrF9Nm8mSPHJASsckZqZJrUiN1wskDeSLP5MV4NF6NN+P9ZzRnTHd2yR8YH98Tl5zL</latexit>

v , vD \ (FPf ⇥ FPf )

<latexit sha1_base64="RKC+vffKMwlNcrAP9zw45pwbEWg="></latexit>

(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

f : D ! D

<latexit sha1_base64="hdSaqgCPFPiGe/iKjzkejUo189s=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRCEQVQQrKIJGHlFjR+bIJp5zP1t0aKQr5CVqo6BAtP0PBv3A2LiBhqtHMrmZ3glgKg6776RSWlldW14rrpY3Nre2d8u5ey0SJ5tDkkYx0J2AGpFDQRIESOrEGFgYS2sH4OvXbD6CNiNQdTmLwQzZSYig4Qyt1hpf1Hka03i9X3KqbgS4SLycVkqPRL3/1BhFPQlDIJTOm67kx+lOmUXAJs1IvMRAzPmYj6FqqWAjGn2b3zuhRYphNjUFTIWkmwu+NKQuNmYSBnQwZ3pt5LxX/87oJDi/8qVBxgqB4GoRCQhZkuBa2CKADoQGRpZcDFYpyphkiaEEZ51ZMbDMl24c3//0iaZ1UvdPq2e1ppXaVN1MkB+SQHBOPnJMauSEN0iScSPJEnsmL8+i8Om/O+89owcl39skfOB/fyrWT3g==</latexit>

CPO continua

CPO?
e’ un  PO   (perche’                )FPf ✓ D

<latexit sha1_base64="6ZGpnZi7M7yP4nchAI6MHoFjRpM=">AAACDXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRii6LirisYB/QlDKZ3tShk4czN0IJxU/wK9zqyp249Rtc+C8mMQutntXhnHu55x43kkKjZX0Ypbn5hcWl8nJlZXVtfcPc3GrrMFYcWjyUoeq6TIMUAbRQoIRupID5roSOOz7L/M4dKC3C4BonEfR9NgqEJzjDVBqYO47P8EZ7yUVzOvCoo2NXA8ItPR+YVatm5aB/iV2QKinQHJifzjDksQ8Bcsm07tlWhP2EKRRcwrTixBoixsdsBL2UBswH3U/yF6Z0P9YMQxqBokLSXISfGwnztZ74bjqZB571MvE/rxejd9JPRBDFCAHPDqGQkB/SXIm0G6BDoQCRZcmBioByphgiKEEZ56kYp2VV0j7s2e//kvZhza7Xjq7q1cZp0UyZ7JI9ckBsckwa5JI0SYtwck8eyRN5Nh6MF+PVePseLRnFzjb5BeP9CwMzm7A=</latexit>

proviamo che e’ completo prendiamo una catena {di}i2N ✓ FPf

<latexit sha1_base64="t3NKd96PjON9k1XhZA2t9WrbSO4=">AAACJHicbVBNS8NAEN34bf2qevSyWARPJRFFj6IgnqSC1UJTwmY7rUM3m7g7ESTkb/gT/BVe9eRNPHjQ32Iae1DrOz3em2HevDBRaMl1352Jyanpmdm5+crC4tLySnV17dLGqZHQlLGKTSsUFhRqaBKSglZiQEShgqtwcDz0r27BWIz1Bd0l0IlEX2MPpaBCCqqun3UD9PMgQx+1Hwm6DsPsLM+5b9PQAsENL1Xby04aedALqjW37pbg48QbkRoboRFUP/xuLNMINEklrG17bkKdTBhCqSCv+KmFRMiB6EO7oFpEYDtZ+VnOt1IrKOYJGI6KlyL83MhEZO1dFBaTZci/3lD8z2un1DvoZKiTlEDL4SFCBeUhKw0WlQHvogEiMUwOHDWXwggiMMiFlIWYFh1Wij68v9+Pk8udurdb3zvfrR0ejZqZYxtsk20zj+2zQ3bKGqzJJLtnj+yJPTsPzovz6rx9j044o5119gvO5xemqaYx</latexit>

mostriamo                 come calcolato in     e’ un puntofisso di 
G

i2N
di

<latexit sha1_base64="MrEtXhVp6IJCq22xHJuM08mxyZA=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREFdkoCEoEDRUKEnlIcWSdL0tYcT6buzUSslLyCXwFLVR0iJYPoOBfsEMKCEw1mtnVzk6YKLTkuh/O1PTM7Nx8aaG8uLS8slpZW2/ZODUSmjJWsemEwoJCDU1CUtBJDIgoVNAOr08Kv30LxmKsL+gugV4kBhovUQrKpaCy5Yc4sDcyTYIMfdR+JOgqDLOz4ZDzfoBBperW3BH4X+KNSZWN0Qgqn34/lmkEmqQS1nY9N6FeJgyhVDAs+6mFRMhrMYBuTrWIwPay0SNDvpNaQTFPwHBUfCTCz41MRNbeRWE+WeS0k14h/ud1U7o87GWok5RAy+IQoYLRISsN5g0B76MBIlEkB46aS2EEERjkQspcTPPKynkf3uT3f0lrr+bVa/vn9erR8biZEttk22yXeeyAHbFT1mBNJtk9e2RP7Nl5cF6cV+fte3TKGe9ssF9w3r8AUn+elw==</latexit>

D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f

 
G

i2N
di

!
=
G

i2N
f(di)

<latexit sha1_base64="sKHeS5MWTvL1MMRCSRzKTlQq7fg="></latexit>

=
G

i2N
di

<latexit sha1_base64="vobE02C3KldfxpcvVZRgKpPatDY=">AAACFXicbVC7TsNAEDyHVwivACXNQYREFdkoCBqkCBoqBBIBpDiyzpclrHI+m7s1UmSl5hP4Clqo6BAtNQX/gh1S8JpqNLOrnZ0wUWjJdd+d0sTk1PRMebYyN7+wuFRdXjm3cWoktGSsYnMZCgsKNbQIScFlYkBEoYKLsH9Y+Be3YCzG+owGCXQi0dN4hVJQLgXV9f2KH2LP3sg0CTL0UfuRoOswzI6HQ94NsBJUa27dHYH/Jd6Y1NgYJ0H1w+/GMo1Ak1TC2rbnJtTJhCGUCoYVP7WQCNkXPWjnVIsIbCcbvTLkm6kVFPMEDEfFRyJ838hEZO0gCvPJIqf97RXif147pau9ToY6SQm0LA4RKhgdstJg3hHwLhogEkVy4Ki5FEYQgUEupMzFNC+t6MP7/f1fcr5d9xr1ndNGrXkwbqbM1tgG22Ie22VNdsROWItJdsce2CN7cu6dZ+fFef0aLTnjnVX2A87bJ/MWntw=</latexit>

by continuita’

ogni      e’ un puntofissodi

<latexit sha1_base64="pIXei/EX7g9mpa51XUTm/SRDWpI=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIM7mgaoevDOJAjKYBS6XY4kINqza7bOfgicQpSYwWag+pXfxiK2MeAhAJjeo4dkZuAJikUzir92GAEYgJj7KU0AB+Nm+RRZ/woNkAhj1BzqXgu4u+NBHxjpr6XTvpA92bey8T/vF5Mows3kUEUEwYiO0RSYX7ICC3TDpAPpUYiyJIjlwEXoIEIteQgRCrGaSmVtA9n/vtF0j6pO6f1s5vTWuOyaKbMDtghO2YOO2cNds2arMUEG7Mn9sxerEfr1Xqz3n9GS1axs8/+wPr4BuzDklE=</latexit>



HOFL semantica denotazionale 
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,v) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by v).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.



Ex. 4, test di convergenza

nessun problema? non e’ monotona in v !

Counterexample ?Z? vZ? b1c

<latexit sha1_base64="ohVcVThp4CKhwLyHCXuK0RDa3nw="></latexit>

Jif t then t0 else t1K⇢ , Cond?⌧ ( JtK⇢ , Jt0K⇢ , Jt1K⇢ )

<latexit sha1_base64="Qp+Aowlyv1kCix5hnZxd93Bkouk="></latexit>

d1 6vD⌧ d0

<latexit sha1_base64="bzXyDVqKX4amOwswXoW7EWLZ2Bg=">AAACKXicbVCxThtBEN1zIBhCggllmhVWJCrrLgJBaUGKlCBhQPJZp7n12Ky8t3fszCJZJ7f8DGmT/0iX0PIHfEHOxgXYvOrpvRm9mZcWRhOH4b+g9m5l9f1afX3jw+bHT1uN7c8XlHunsKNyk7urFAiNtthhzQavCoeQpQYv09HJ1L+8RUc6t+c8LrCXwdDqgVbAlZQ0ZD+JZGxzjumGfErIeJOU35OYwU8qM0wazbAVziCXSTQnTTHHadJ4ivu58hlaVgaIulFYcK8Ex1oZnGzEnrAANYIhditqIUPqlbNPJvKrJ+BcFuikNnIm4suNEjKicZZWkxnwNS16U/Etr+t5cNQrtS08o1XTINYGZ0GknK4qQtnXDplhejlKbaUCB8zotASlKtFXnb0KJM7AjV1/UpUULVayTC6+taL91sHZfrN9PK+rLr6IXbEnInEo2uKHOBUdocSd+Cl+id/BffAn+Bs8PI/WgvnOjniF4PE/1Zen+Q==</latexit>

Cond?⌧ (?Z? , d0, d1) = d1

<latexit sha1_base64="XxrhOc9KkiWRP6BU+lwRUjOSdI8="></latexit>

6vD⌧ d0

<latexit sha1_base64="XNKojy0cq5Z9r/tHa6yKlSUY860=">AAACJXicbVC7TiNBEJw1x/tlIIRghIVEZO0i0F2I4AJCkDAgea1V77iBEbOzy3QPkrVyws9AevcflyEkIv6BL2BtHByYikpV3aruSgujicPwJahN/Jicmp6ZnZtfWFxarq+snlHuncKWyk3uLlIgNNpiizUbvCgcQpYaPE9vDgf++R060rk95V6BnQyurL7UCriSkvpGbHOO6ZZ8Ssh4m5S/k5jB92U3CZN6I2yGQ8hxEo1IQ4xwnNTf4m6ufIaWlQGidhQW3CnBsVYG+3OxJyxA3cAVtitqIUPqlMMv+nLLE3AuC3RSGzkU8f+NEjKiXpZWkxnwNX31BuJ3Xtvz5a9OqW3hGa0aBLE2OAwi5XRVD8qudsgMg8tRaisVOGBGpyUoVYm+6utTIHEGrue6/aqk6Gsl4+RspxntNvdOdhv7B6O6ZsS62BTbIhI/xb44EseiJZS4F4/ij/gbPAT/gqfg+WO0Fox21sQnBK/vWu6mvQ==</latexit>

= Cond?⌧ (b1c, d0, d1)

<latexit sha1_base64="BFEaqGMPQL0FFZXmimUBaasIL4w="></latexit>

Cond?⌧ (v, d0, d1) ,
⇢

d0 if v = bnc for some n
d1 otherwise

<latexit sha1_base64="6BZTthUtyUdpwBv5ncqaovHqDVU="></latexit>

Take
<latexit sha1_base64="YnfG7bYwi1YjFvRvmQFaYbNbKMQ="></latexit>

(?Z? , d0, d1) vZ?⇥D⌧⇥D⌧ (b1c, d0, d1)

<latexit sha1_base64="q44IA3OMe8wl7vaO71O324FucnA="></latexit>

Cond?⌧ (v, d0, d1) ,
⇢

d0 se v = bnc per qualche n
d1 altrimenti



Ex. 4, test di convergenza

come conseguenza

t , �x. if x then 0 else 1 : int ! int

<latexit sha1_base64="DVgqGhOJX3qvdX9gZ1AGyMu9pjQ="></latexit>

non puo’ avere una semantica in Dint!int = [Z? ! Z?]?

<latexit sha1_base64="Fl7xvkENoEoW+5LXxlPoqHKf1TQ="></latexit>

perche’           non e’ continua  (non e’ monotona)JtK⇢

<latexit sha1_base64="ANR93ZmuXRMNWV1Q2XppfQ0Wo/g=">AAACI3icbVDLTgJBEJzFF+IL9aaXicTEE9k1GD0SvXjERB4JS0jv0MCE2Udmek0IIfFn9Kr/4c148eBP+AUu6x4ErFOlqnuqp7xISUO2/WnlVlbX1jfym4Wt7Z3dveL+QcOEsRZYF6EKdcsDg0oGWCdJCluRRvA9hU1vdDPzmw+ojQyDexpH2PFhEMi+FECJ1C0euUp5GsQIiZOrdcZdPQy7xZJdtlPwZeJkpMQy1LrFb7cXitjHgIQCY9qOHVFnApqkUDgtuLHBKHkeBthOaAA+ms4k/cOUn8YGKOQRai4VT0X8uzEB35ix7yWTPtDQLHoz8T+vHVP/qjORQRQTBmIWRFJhGmSElkk5yHtSIxHMLkcuAy5AAxFqyUGIRIyTtuYCDfmgx7o3TUpyFitZJo3zslMpX9xVStXrrK48O2Yn7Iw57JJV2S2rsToT7JE9sxf2aj1Zb9a79fE7mrOynUM2B+vrB+IhpgI=</latexit>

Per esempio prendiamo d0 = b0c

<latexit sha1_base64="PnikXwDwLHtEaTViBXMHQdcBANk=">AAACH3icbVDLSgNBEJyNrxhfq4IXL4NB8BR2JaIXIejFYwTzgCSE3kknDpl9MNMrhDUfo1f9D2/iNb/hF7hZczCJdSqquqmivEhJQ44zsXIrq2vrG/nNwtb2zu6evX9QN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxveTv3GE2ojw+CBRhF2fBgEsi8FUCp17aNe1+HXvK36Kgw1d9o6I1276JScDHyZuDNSZDNUu/Z3uxeK2MeAhAJjWq4TUScBTVIoHBfascEIxBAG2EppAD6aTpL1H/PT2ACFPELNpeKZiH8/EvCNGfleeukDPZpFbyr+57Vi6l91EhlEMWEgpkEkFWZBRmiZDoO8JzUSwbQ5chlwARqIUEsOQqRinC41F2jIBz3SvXE6krs4yTKpn5fccunivlys3MzmyrNjdsLOmMsuWYXdsSqrMcGe2St7Y+/Wi/VhfVpfv6c5a/ZzyOZgTX4AgCujDw==</latexit>

d1 = b1c

<latexit sha1_base64="B9kh2QOYJ4eYe6DiYrx4VssQ9Vc=">AAACH3icbVDLSgNBEJyNrxhfq4IXL4NB8BR2JaIXIejFYwTzgCSE3kknDpl9MNMrhDUfo1f9D2/iNb/hF7hZczCJdSqquqmivEhJQ44zsXIrq2vrG/nNwtb2zu6evX9QN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxveTv3GE2ojw+CBRhF2fBgEsi8FUCp17aNe1+XXvK36Kgw1d9s6I1276JScDHyZuDNSZDNUu/Z3uxeK2MeAhAJjWq4TUScBTVIoHBfascEIxBAG2EppAD6aTpL1H/PT2ACFPELNpeKZiH8/EvCNGfleeukDPZpFbyr+57Vi6l91EhlEMWEgpkEkFWZBRmiZDoO8JzUSwbQ5chlwARqIUEsOQqRinC41F2jIBz3SvXE6krs4yTKpn5fccunivlys3MzmyrNjdsLOmMsuWYXdsSqrMcGe2St7Y+/Wi/VhfVpfv6c5a/ZzyOZgTX4Ag42jEQ==</latexit>

Jif rec x. x then 0 else 1K⇢ = b1c

<latexit sha1_base64="Df8UYbK1QdfmNwOEq9Wjrk0M+A4="></latexit>

Jif 1 then 0 else 1K⇢ = b0c

<latexit sha1_base64="dn91T3tU62XHMYQy4CxULNnJCFU="></latexit>

6vZ?

<latexit sha1_base64="rvh04inauTvpAkwoxEFH5CwPEGg=">AAACKnicbVC7TuRAEBzzhuO4BUKSgdVJRCv7xAlCBAkhSCwg1iurZ7aBEeOxmW4jrayN+RlI4T/IEClfwBdgLxvwqqhU1a3qLpVbQxyGT8HY+MTk1PTM7Nyv+d8LfxqLS0eUFV5jW2c28ycKCK1x2GbDFk9yj5Aqi8fqcrf2j6/Rk8ncIfdz7KZw7syZ0cCVlDRWY5dxTFdUKELGq6SMU+ALpcrTQRKrjAdJoxm2wiHkdxKNSFOMsJ80XuNeposUHWsLRJ0ozLlbgmejLQ7m4oIwB30J59ipqIMUqVsOXxnIvwUBZzJHL42VQxE/bpSQEvVTVU3Wd9JXrxZ/8joFn211S+PygtHpOoiNxWEQaW+qjlD2jEdmqC9HaZzU4IEZvZGgdSUWVWmfAolT8H3fq0uKvlbynRz9a0Ubrf8HG83tnVFdM2JFrIl1EYlNsS32xL5oCy1uxJ24Fw/BbfAYPAXP76NjwWhnWXxC8PIG2Wiprw==</latexit>
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,v) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by v).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.



Ex. 5.1, correttezza

P (t ! c) , 8⇢. JtK⇢ = JcK⇢

<latexit sha1_base64="Ftn+sjTOkI4GqyVkEsketBtnSOY="></latexit>

estendiamo la prova di corretteza (per induzione sulle regole)
per considerare le nuove  regole
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,v) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by v).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.
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05 - HOFL

[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,v) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by v).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.



Ex. 5.1, correttezza
P (t ! c) , 8⇢. JtK⇢ = JcK⇢

<latexit sha1_base64="Ftn+sjTOkI4GqyVkEsketBtnSOY="></latexit>
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05 - HOFL

[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,vD) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by vD).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.

assumiamo

P (t0 ! c0) , 8⇢. Jt0K⇢ = Jc0K⇢

<latexit sha1_base64="pd7X2QHbjXqofJymfBfqg7k0ohk="></latexit>

P (t ! 0) , 8⇢. JtK⇢ = J0K⇢ = b0c

<latexit sha1_base64="Jstv6TCbtLGgGwxPo8dJjEanTis="></latexit>

P (t1 ! c1) , 8⇢. Jt1K⇢ = Jc1K⇢

<latexit sha1_base64="RtzSYpmdhTGUOCkpxHmZ4wj+z8o="></latexit>

vogliamo provare
P (if t then t0 else t1 ! c0) , 8⇢. Jif t then t0 else t1K⇢ = Jc0K⇢

<latexit sha1_base64="Ua0SzKcDZ97EMKgIW4sf0pb5icM="></latexit>

Jif t then t0 else t1K⇢ = Cond⌧ (JtK⇢, Jt0K⇢, Jt1K⇢)

<latexit sha1_base64="+L5Dsi6VeNa5Lr+1RAqi6uev278=">AAACyHicfVHBbtNAEF2bFkooYODIZdWoUpFQZKMiuCBV9ILgUqSmrZSNrPFm3Ky6Xlu7Y1Bk5cKP8R38Rr+ga2NBklad09v3Zuat3mSVVo7i+E8QPtjafvho5/Hgye7TZ8+jFy/PXFlbiWNZ6tJeZOBQK4NjUqTxorIIRabxPLs6bvXzH2idKs0pLSqcFnBpVK4kkKfS6LfQOrMgr5C4KIDmWd6ofCk4iX9vmqNpmTT+z6F22H GJsLZfIOy85J/4oOtxeXNcmtkyFQQ1P1ixofWJt3xV8x73qRtub3gaDeNR3BW/DZIeDFlfJ2l0LWalrAs0JDU4N0niiqYNWFJS43IgaoeVN4BLnHhooEA3bbqgl3y/dkAlr9BypXlH4upEA4VziyLznV0Gm1pL3qVNaso/ThtlqprQyNaIlMbOyEmr/AWRz5RFImh/jlwZLsECEVrFQUpP1v6ka4aOCrAL628QDZPNSG6Ds3ej5HD0/vvh8OhzH9cOe8322AFL2Ad2xL6wEzZmMtgPvgWnwTj8Glbhz3DxtzUM+plXbK3CXzfwHeDH</latexit>

= Cond⌧ (b0c, Jc0K⇢, Jc1K⇢)

<latexit sha1_base64="gWtZn1nqJmMfHt1MzQpx2SToFUw="></latexit>

= Jc0K⇢

<latexit sha1_base64="fl/Ld3/QCO9fd9RXz3d0ztnTw3Q=">AAACKHicbVC7TgJBFJ31ifhCLS2cSEysyK7BaGNCtLHERB4JS8jd4QITZh+ZuWtCCKU/o63+h52h9RP8Apd1CwFPdeace+fMHC9S0pBtT62V1bX1jc3cVn57Z3dvv3BwWDdhrAXWRKhC3fTAoJIB1kiSwmakEXxPYcMb3s38xhNqI8PgkUYRtn3oB7InBVAidQonNzzvKuVpEEMkLjq2q3V2cvUg7BSKdslOwZeJk5Eiy1DtFL7dbihiHwMSCoxpOXZE7TFokkLhJO/GBqPkeuhjK6EB+Gja4/QjE34WG6CQR6i5VDwV8e/GGHxjRr6XTPpAA7PozcT/vFZMvev2WAZRTBiIWRBJhWmQEVomDSHvSo1EMHs5chlwARqIUEsOQiRinFQ2F2jIBz3S3UlSkrNYyTKpX5SccunyoVys3GZ15dgxO2XnzGFXrMLuWZXVmGDP7JW9sXfrxfqwPq3p7+iKle0csTlYXz8xBqcZ</latexit>

per def
per ip.ind.
per Cond



Ex. 5.1, correttezza
P (t ! c) , 8⇢. JtK⇢ = JcK⇢

<latexit sha1_base64="Ftn+sjTOkI4GqyVkEsketBtnSOY="></latexit>

assumiamo
P (t0 ! c0) , 8⇢. Jt0K⇢ = Jc0K⇢

<latexit sha1_base64="pd7X2QHbjXqofJymfBfqg7k0ohk="></latexit>

P (t1 ! c1) , 8⇢. Jt1K⇢ = Jc1K⇢

<latexit sha1_base64="RtzSYpmdhTGUOCkpxHmZ4wj+z8o="></latexit>

vogliamo provare

Jif t then t0 else t1K⇢ = Cond⌧ (JtK⇢, Jt0K⇢, Jt1K⇢)

<latexit sha1_base64="+L5Dsi6VeNa5Lr+1RAqi6uev278=">AAACyHicfVHBbtNAEF2bFkooYODIZdWoUpFQZKMiuCBV9ILgUqSmrZSNrPFm3Ky6Xlu7Y1Bk5cKP8R38Rr+ga2NBklad09v3Zuat3mSVVo7i+E8QPtjafvho5/Hgye7TZ8+jFy/PXFlbiWNZ6tJeZOBQK4NjUqTxorIIRabxPLs6bvXzH2idKs0pLSqcFnBpVK4kkKfS6LfQOrMgr5C4KIDmWd6ofCk4iX9vmqNpmTT+z6F22H GJsLZfIOy85J/4oOtxeXNcmtkyFQQ1P1ixofWJt3xV8x73qRtub3gaDeNR3BW/DZIeDFlfJ2l0LWalrAs0JDU4N0niiqYNWFJS43IgaoeVN4BLnHhooEA3bbqgl3y/dkAlr9BypXlH4upEA4VziyLznV0Gm1pL3qVNaso/ThtlqprQyNaIlMbOyEmr/AWRz5RFImh/jlwZLsECEVrFQUpP1v6ka4aOCrAL628QDZPNSG6Ds3ej5HD0/vvh8OhzH9cOe8322AFL2Ad2xL6wEzZmMtgPvgWnwTj8Glbhz3DxtzUM+plXbK3CXzfwHeDH</latexit>

per def
per ip.ind.
per Cond

P (t ! n) , 8⇢. JtK⇢ = JnK⇢ = bnc n 6= 0

<latexit sha1_base64="BhmUToIzedWOpYiD9LZOdw2c1wQ="></latexit>

Principles for software composition 2019/20
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,vD) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by vD).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , (fst f) 0 )

Then, compute the (lazy) denotational semantics of t.

P (if t then t0 else t1 ! c1) , 8⇢. Jif t then t0 else t1K⇢ = Jc1K⇢

<latexit sha1_base64="Aez3QP+2zHxR3v1kQmZl+70Iprk="></latexit>

= Cond⌧ (bnc, Jc0K⇢, Jc1K⇢)

<latexit sha1_base64="2JgFD6Wf+VP9/KDfFm7+yL/vvvs="></latexit>

= Jc1K⇢

<latexit sha1_base64="6ZW28cm7pbXnsAV2efO+Ic9+erU=">AAACKHicbVC7TgJBFJ31ifhCLS2cSEysyK7BaGNCtLHERB4JS8jd4QITZh+ZuWtCCKU/o63+h52h9RP8Apd1CwFPdeace+fMHC9S0pBtT62V1bX1jc3cVn57Z3dvv3BwWDdhrAXWRKhC3fTAoJIB1kiSwmakEXxPYcMb3s38xhNqI8PgkUYRtn3oB7InBVAidQonNzzvKuVpEEMkLjqOq3V2cvUg7BSKdslOwZeJk5Eiy1DtFL7dbihiHwMSCoxpOXZE7TFokkLhJO/GBqPkeuhjK6EB+Gja4/QjE34WG6CQR6i5VDwV8e/GGHxjRr6XTPpAA7PozcT/vFZMvev2WAZRTBiIWRBJhWmQEVomDSHvSo1EMHs5chlwARqIUEsOQiRinFQ2F2jIBz3S3UlSkrNYyTKpX5SccunyoVys3GZ15dgxO2XnzGFXrMLuWZXVmGDP7JW9sXfrxfqwPq3p7+iKle0csTlYXz8yuKca</latexit>



Ex. 5.2, inconsistenza
vogliamo trovare un termine    tale chet

<latexit sha1_base64="bdJRjAooCE79ubMYvq6ohP7N7v8=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4hkU8CE/KmeWCHnk+635gQwgV0q/dwZ9x6C6/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+P2iaMtcCWCFWoux4YVDLAFklS2I00gu8p7HiT29TvPKI2MgzuaRqh68M4kCMpgBKpSYNyxa7aGfgqcXJSYTkag/J3fxiK2MeAhAJjeo4dkTsDTVIonJf6scEIxATG2EtoAD4ad5YVnfOz2ACFPELNpeKZiH8/ZuAbM/W95NIHejDLXir+5/ViGl27MxlEMWEg0iCSCrMgI7RMFkA+lBqJIG2OXAZcgAYi1JKDEIkYJ5MsBBryQU/1cJ6M5CxPskraF1WnVr1s1ir1m3yuIjthp+ycOeyK1dkda7AWEwzZM3thr9aT9Wa9Wx+/pwUr/zlmC7A+fwD0fprm</latexit>

t +

<latexit sha1_base64="0TahpBJGmDYlo8imenKt5n7JO7E=">AAACEnicbVBLSgNBFOyJ//iLunTTGARXYUYiugzqwmUEE4VkCG86T23s6R663yhhyC10q/dwJ269gNfwBE7GLIyxVkXVe1RRUaKkI9//9Eozs3PzC4tL5eWV1bX1ysZm25nUCmwJo4y9isChkhpbJEnhVWIR4kjhZXR3MvIv79E6afQFDRIMY7jR8loKoFzqUPfUPGiw1jz0KlW/5hfg0yQYkyobo9mrfHX7RqQxahIKnOsEfkJhBpakUDgsd1OHCYg7uMFOTjXE6MKsqDzku6kDMjxBy6XihYi/PzKInRvEUX4ZA926v95I/M/rpHR9FGZSJymhFqMgkgqLICeszLdA3pcWiWDUHLnUXIAFIrSSgxC5mObjTAQ6isEObH+YjxT8nWSatPdrQb12cF6vNo7Hcy2ybbbD9ljADlmDnbEmazHBDHtiz+zFe/RevTfv/ee05I1/ttgEvI9vQG2faQ==</latexit>

t "

<latexit sha1_base64="vXysZYBW2MoT0XNUJIDvsfhobKI=">AAACEHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkY+BCXnTPLBD98yk+42GEC6hW72HO+PWG3gNT+AMshC0VpWq91KVCmIlLbnup5NbWl5ZXcuvFzY2t7Z3irt7DRslRmBdRCoyrQAsKhlinSQpbMUGQQcKm8HwMvOb92isjMIbGsXoaxiEsi8FUCrdUieJwZjooVssuWV3Cv6XeDNSYjPUusWvTi8SicaQhAJr254bkz8GQ1IonBQ6icUYxBAG2E5pCBqtP54WnvCjxAJFPEbDpeJTEX9/jEFbO9JBeqmB7uyil4n/ee2E+uf+WIZxQhiKLIikwmmQFUamSyDvSYNEkDVHLkMuwAARGslBiFRM0mnmAi1pMCPTm6QjeYuT/CWNk7JXKZ9eV0rVi9lceXbADtkx89gZq7IrVmN1JphmT+yZvTiPzqvz5rz/nOac2c8+m4Pz8Q3Jrp6i</latexit>

consideriamo t , if 0 then 1 else rec x. x : int

<latexit sha1_base64="CYppAVuGPBAwhXQX2zoXZLLVSr0="></latexit>

JtK⇢ = Condint(J0K⇢, J1K⇢, Jrec x. xK⇢)

<latexit sha1_base64="TIyljFWXjuVwF3Q95gH1+Oo1Pps="></latexit>

= Condint(b0c, b1c,?Z?)

<latexit sha1_base64="u+/LIupDUNB3ebLrFI0FyXBYl8E="></latexit>

= b1c

<latexit sha1_base64="p6qmHWDVvTA8pYjd5mj9mRoD2e8=">AAACG3icbVDLTgJBEJzFF+IL8ehlIjHxRHYNRi8mRC8eMZFHwm5I79DghNlHZnqNhPApetX/8Ga8evA3/AKXlYOAdapUdacq5cdKGrLtLyu3srq2vpHfLGxt7+zuFfdLTRMlWmBDRCrSbR8MKhligyQpbMcaIfAVtvzh9dRvPaA2MgrvaBSjF8AglH0pgFKpWyxdFlzVV1GkuePqjHSLZbtiZ+DLxJmRMpuh3i1+u71IJAGGJBQY03HsmLwxaJJC4aTgJgZjEEMYYCelIQRovHHWfcKPEwMU8Rg1l4pnIv79GENgzCjw08sA6N4selPxP6+TUP/CG8swTghDMQ0iqTALMkLLdBTkPamRCKbNkcuQC9BAhFpyECIVk3SluUBDAeiR7k3SkZzFSZZJ87TiVCtnt9Vy7Wo2V54dsiN2whx2zmrshtVZgwn2yJ7ZC3u1nqw36936+D3NWbOfAzYH6/MH7nWhvw==</latexit>

t +

<latexit sha1_base64="0TahpBJGmDYlo8imenKt5n7JO7E=">AAACEnicbVBLSgNBFOyJ//iLunTTGARXYUYiugzqwmUEE4VkCG86T23s6R663yhhyC10q/dwJ269gNfwBE7GLIyxVkXVe1RRUaKkI9//9Eozs3PzC4tL5eWV1bX1ysZm25nUCmwJo4y9isChkhpbJEnhVWIR4kjhZXR3MvIv79E6afQFDRIMY7jR8loKoFzqUPfUPGiw1jz0KlW/5hfg0yQYkyobo9mrfHX7RqQxahIKnOsEfkJhBpakUDgsd1OHCYg7uMFOTjXE6MKsqDzku6kDMjxBy6XihYi/PzKInRvEUX4ZA926v95I/M/rpHR9FGZSJymhFqMgkgqLICeszLdA3pcWiWDUHLnUXIAFIrSSgxC5mObjTAQ6isEObH+YjxT8nWSatPdrQb12cF6vNo7Hcy2ybbbD9ljADlmDnbEmazHBDHtiz+zFe/RevTfv/ee05I1/ttgEvI9vQG2faQ==</latexit>

t ! c - 0 ! 0 , 1 ! c , rec x. x ! c1

<latexit sha1_base64="iusfGKStitDjWabXfpn5s9EBxdI="></latexit>

-⇤
c=1 rec x. x ! c1

<latexit sha1_base64="mN7n6kYACx7bL+t6hIVVAjgQWy4="></latexit>

- x[rec x. x/x] ! c1

<latexit sha1_base64="+M5ABbxHay2R/iPDzBgWXV3XuQM="></latexit>

= rec x. x ! c1

<latexit sha1_base64="4p43eE6aZdOXu0p4XP66k/GnfrM=">AAACJXicbVDLSgNBEJz1/TbqUQ+DQfAUdiWiF0H04jGCiUJ2Cb2TThycfTDTK4ZlL/6MXvU/vIngyX/wC5yNOWi0YKCo6qZ6KkyVNOS6787E5NT0zOzc/MLi0vLKamVtvWWSTAtsikQl+ioEg0rG2CRJCq9SjRCFCi/Dm9PSv7xFbWQSX9AgxSCCfix7UgBZqVPZOuJ+BHQd9nKNovD5Xc0+nxIuOl6nUnVr7hD8L/FGpMpGaHQqn343EVmEMQkFxrQ9N6UgB01SKCwW/MxgCuIG+ti2NIYITZAPf1HwncyAzU1Rc6n4UMSfGzlExgyi0E6WF5txrxT/89oZ9Q6DXMZpRhiLMoikwmGQEVraepB3pUYiKC9HLmMuQAMRaslBCCtmtq9fgYYi0APdLWxJ3nglf0lrr+bVa/vn9erxyaiuObbJttku89gBO2ZnrMGaTLB79sie2LPz4Lw4r87b9+iEM9rZYL/gfHwBLL+ldg==</latexit>

t "

<latexit sha1_base64="vXysZYBW2MoT0XNUJIDvsfhobKI=">AAACEHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkY+BCXnTPLBD98yk+42GEC6hW72HO+PWG3gNT+AMshC0VpWq91KVCmIlLbnup5NbWl5ZXcuvFzY2t7Z3irt7DRslRmBdRCoyrQAsKhlinSQpbMUGQQcKm8HwMvOb92isjMIbGsXoaxiEsi8FUCrdUieJwZjooVssuWV3Cv6XeDNSYjPUusWvTi8SicaQhAJr254bkz8GQ1IonBQ6icUYxBAG2E5pCBqtP54WnvCjxAJFPEbDpeJTEX9/jEFbO9JBeqmB7uyil4n/ee2E+uf+WIZxQhiKLIikwmmQFUamSyDvSYNEkDVHLkMuwAARGslBiFRM0mnmAi1pMCPTm6QjeYuT/CWNk7JXKZ9eV0rVi9lceXbADtkx89gZq7IrVmN1JphmT+yZvTiPzqvz5rz/nOac2c8+m4Pz8Q3Jrp6i</latexit>
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[Ex. 1] Determine the type of the HOFL term

t
def
= rec x. ((�y. if y then 0 else 0) x).

Then compute its (lazy) canonical form.

[Ex. 2] Determine the type of the HOFL term

map
def
= �f. �x. ((f fst(x)), (f snd(x)))

Then, compute the (lazy) canonical forms of the terms

t1
def
= map (�z. 2⇥ z) (1, 2) t2

def
= fst (map (�z. 2⇥ z) (1, 2) )

[Ex. 3] Let (D,vD) be a CPO and f : D ! D be a continuous function.
Prove that the set of fixpoints of f is itself a CPO (ordered by vD).

[Ex. 4] (Test for convergence) We would like to modify the denotational
semantics of HOFL assigning to the construct

if t then t0 else t1

• the semantics of t1 if the semantics of t is ?Z? , and

• the semantics of t0 otherwise.

Is it possible? If not, why?

[Ex. 5] (Strict conditional) Modify the operational semantics of HOFL by
taking the following rules for conditionals:

t ! 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c0

t ! n n 6= 0 t0 ! c0 t1 ! c1
if t then t0 else t1 ! c1

.

Without changing the denotational semantics, prove that:

1. for any term t and canonical form c, we have t ! c ) 8⇢. JtK ⇢ = JcK ⇢;

2. in general t+ 6) t# (exhibit a counterexample).

[Ex. 6] Determine the type of the HOFL term

t
def
= rec f. ( �x.1 , fst(f) 0 )

Then, compute the (lazy) denotational semantics of t.



Ex. 6, inferenza di tipi

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

⌧

<latexit sha1_base64="9F8RSI75DNHnimkiEiIC2ZzQDtI=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpADKpD5BPKjW7Lqdgy8TpyA1VqA5qH71h6GIfQxIKDCm59gRuQlokkLhvNKPDUYgpjDGXkoD8NG4SZ51zk9iAxTyCDWXiuci/t5IwDdm5nvppA80MYteJv7n9WIaXbmJDKKYMBDZIZIK80NGaJmWgHwoNRJBlhy5DLgADUSoJQchUjFOW6mkfTiL3y+T9lndOa9f3J3XGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYhD2xZ/ZiPVqv1pv1/jNasoqdQ/YH1sc30SGS1Q==</latexit>

⌧ ! int

<latexit sha1_base64="KfmHIB2S2hkbt7SmIUuxTWiyF70=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVWSjICgjaCiDREKk2IrWl0045fzQ3RopsvIBfAUtVHSIls+g4F+wTQpImGo0s6udHT9W0pBtf1qlldW19Y3yZmVre2d3r7p/0DVRogV2RKQi3fPBoJIhdkiSwl6sEQJf4Z0/ucr9uwfURkbhLU1j9AIYh3IkBVAmDao1lyBxKXIDoHtJqQxpNqjW7YZdgC8TZ07qbI72oPrlDiORBBiSUGBM37Fj8lLQJIXCWcVNDMYgJjDGfkZDCNB4aRF+xo8TAxTxGDWXihci/t5IITBmGvjZZJ7RLHq5+J/XT2h04WUPxQlhKPJDJBUWh4zQMmsF+VBqJII8OXIZcgEaiFBLDkJkYpLVVMn6cBa/Xybd04bTbJzdNOuty3kzZXbIjtgJc9g5a7Fr1mYdJtiUPbFn9mI9Wq/Wm/X+M1qy5js19gfWxzeyJJoB</latexit>

int

<latexit sha1_base64="fI4IjzwjxYmsextgj63D1wqohKQ=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOZ+tuzVSFEXiK2ihokO0/AoF/8LZuICEqUYzu9rZCRMpDLrup1NaWV1b3yhvVra2d3b3qvsHHROnmkObxzLWvZAZkEJBGwVK6CUaWBRK6IaT68zvPoA2IlZ3OE0giNhYiZHgDK3k+xHDe4EzoXA+qNbcupuDLhOvIDVSoDWofvnDmKcRKOSSGdP33ASDGdMouIR5xU8NJIxP2Bj6lioWgQlmeeY5PUkNw5gmoKmQNBfh98aMRcZMo9BOZhnNopeJ/3n9FEeXgX0oSREUzw6hkJAfMlwLWwbQodCAyLLkQIWinGmGCFpQxrkVU9tOxfbhLX6/TDpnda9RP79t1JpXRTNlckSOySnxyAVpkhvSIm3CSUKeyDN5cR6dV+fNef8ZLTnFziH5A+fjG4bVlqU=</latexit>

int ! ⌧1

<latexit sha1_base64="gXZKKoYyZ4MUdMfLx+dMPo8x714=">AAACCXicbVC7TsNAEDzzDOEVQFQ0JyIkqshGQVBG0FAGiTykOIrWl0045fzQ3RopsvIFfAUtVHSIlq+g4F+wjQtImGo0s6udHS9S0pBtf1pLyyura+uljfLm1vbObmVvv23CWAtsiVCFuuuBQSUDbJEkhd1II/iewo43uc78zgNqI8PgjqYR9n0YB3IkBVAqDSqHrg90LymRAc1cCl2CeOAMKlW7Zufgi8QpSJUVaA4qX+4wFLGPAQkFxvQcO6J+ApqkUDgru7HBCMQExthLaQA+mn6Sx5/xk9gAhTxCzaXiuYi/NxLwjZn6XjqZhTXzXib+5/ViGl3208+imDAQ2SGSCvNDRmiZ9oJ8KDUSQZYcuQy4AA1EqCUHIVIxTosqp304898vkvZZzanXzm/r1cZV0UyJHbFjdsocdsEa7IY1WYsJlrAn9sxerEfr1Xqz3n9Gl6xi54D9gfXxDe7WmqU=</latexit>

(int ! ⌧1) ⇤ ⌧2

<latexit sha1_base64="anIS/5JxeXIhRWhznOVX12519bk=">AAACEnicbVC7SgNREL3rM8ZX1FKQi0GIFmE3RLQM2lgqGCNkl2X2ZhIv3n1w76wQQjo/wa+w1cpObP0BC//F3TWFRk8zhzMzzJwTJEoasu0Pa2Z2bn5hsbRUXl5ZXVuvbGxemTjVAtsiVrG+DsCgkhG2SZLC60QjhIHCTnB7mvc7d6iNjKNLGibohTCIZF8KoEzyKzs1NwS6kTSSEY1dil2C1Hf2D4ra8CtVu24X4H+JMyFVNsG5X/l0e7FIQ4xIKDCm69gJeSPQJIXCcdlNDSYgbmGA3YxGEKLxRoWPMd9LDVDME9RcKl6I+HNjBKExwzDIJvOnzXQvF//rdVPqH3uZwyQljER+iKTC4pARWmYBIe9JjUSQf45cRlyABiLUkoMQmZhmiZWzPJxp93/JVaPuNOuHF81q62SSTIlts11WYw47Yi12xs5Zmwl2zx7ZE3u2HqwX69V6+x6dsSY7W+wXrPcvw0+dsQ==</latexit>

t , rec f. ( �x. 1 , (fst( f ) 0 ) )

<latexit sha1_base64="3ECy0nRVKxJ1vEBjcrVbOuNI0y8="></latexit>

⌧1

<latexit sha1_base64="DsPhWcoXrS8ZDSN82r/ifFuk414=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH6sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIMbmkaoevDOJAjKYBSqd0niAfOoFqz63YOvkicgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoWzSj82GIGYwBh7KQ3AR+MmedoZP4oNUMgj1Fwqnov4eyMB35ip76WTPtCdmfcy8T+vF9Powk1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw5n/fpG0T+rOaf3s5rTWuCyaKbMDdsiOmcPOWYNdsyZrMcHu2RN7Zi/Wo/VqvVnvP6Mlq9jZZ39gfXwD/zeTeQ==</latexit>

(⌧ ! int) ⇤ ⌧1

<latexit sha1_base64="p2QP6i8rOJZDvSJzmv+fEMcjXgQ=">AAACEHicbVC7TsNAEDyHVwgvAyUUJyKkQBHZKAjKCBrKIJGHFEfR+rIJJ84P3a2RoigNn8BX0EJFh2j5Awr+BTukgISpRjO72p3xYyUNOc6nlVtYXFpeya8W1tY3Nrfs7Z2GiRItsC4iFemWDwaVDLFOkhS2Yo0Q+Aqb/t1l5jfvURsZhTc0jLETwCCUfSmAUqlr75c8gsSjyAuAbiWNZEjjo+NM7Lpdu+iUnQn4PHGnpMimqHXtL68XiSTAkIQCY9quE1NnBJqkUDgueInBGMQdDLCd0hACNJ3RJMWYHyYGKOIxai4Vn4j4e2MEgTHDwE8ns1/NrJeJ/3nthPrnnTRYnBCGIjtEUuHkkBFapvUg70mNRJB9jlyGXIAGItSSgxCpmKR9FdI+3Nn086RxUnYr5dPrSrF6MW0mz/bYASsxl52xKrtiNVZngj2wJ/bMXqxH69V6s95/RnPWdGeX/YH18Q2AGp0M</latexit>

(int ! ⌧1) ⇤ ⌧2

<latexit sha1_base64="anIS/5JxeXIhRWhznOVX12519bk=">AAACEnicbVC7SgNREL3rM8ZX1FKQi0GIFmE3RLQM2lgqGCNkl2X2ZhIv3n1w76wQQjo/wa+w1cpObP0BC//F3TWFRk8zhzMzzJwTJEoasu0Pa2Z2bn5hsbRUXl5ZXVuvbGxemTjVAtsiVrG+DsCgkhG2SZLC60QjhIHCTnB7mvc7d6iNjKNLGibohTCIZF8KoEzyKzs1NwS6kTSSEY1dil2C1Hf2D4ra8CtVu24X4H+JMyFVNsG5X/l0e7FIQ4xIKDCm69gJeSPQJIXCcdlNDSYgbmGA3YxGEKLxRoWPMd9LDVDME9RcKl6I+HNjBKExwzDIJvOnzXQvF//rdVPqH3uZwyQljER+iKTC4pARWmYBIe9JjUSQf45cRlyABiLUkoMQmZhmiZWzPJxp93/JVaPuNOuHF81q62SSTIlts11WYw47Yi12xs5Zmwl2zx7ZE3u2HqwX69V6+x6dsSY7W+wXrPcvw0+dsQ==</latexit>

(int ! ⌧1) ⇤ ⌧2 = (⌧ ! int) ⇤ ⌧1

<latexit sha1_base64="JuBs7lIt2xTmmaInsiInhkFj6CE=">AAACMnicbVDJSgNBEO1xjXGLevTSGIToIcyEiF6UoBePEcwCmRBqOhVt7FnorhFCyN/4CX6FV70oeBCvfoQz4xzc3qUe71VRVc+LlDRk28/WzOzc/MJiYam4vLK6tl7a2GybMNYCWyJUoe56YFDJAFskSWE30gi+p7Dj3ZylfucWtZFhcEnjCPs+XAVyJAVQIg1KJxXXB7qWNJEBTV0KXYJ44OztZ7XGj3mxktLU+daY+86gVLardgb+lzg5KbMczUHp1R2GIvYxIKHAmJ5jR9SfgCYpFE6LbmwwAnEDV9hLaAA+mv4k+3PKd2MDFPIINZeKZyJ+n5iAb8zY95LO9Fbz20vF/7xeTKOjfvJYFBMGIl1EUmG2yAgtkwCRD6VGIkgvRy4DLkADEWrJQYhEjJNEi0kezu/v/5J2rerUqwcX9XLjNE+mwLbZDqswhx2yBjtnTdZigt2xB/bInqx768V6s96/WmesfGaL/YD18QkLo6o0</latexit>

8
<

:

int = ⌧
⌧1 = int
⌧2 = ⌧1

<latexit sha1_base64="XtQlLd0chJNN2sL/URrGScFUtRA="></latexit>

⌧ = ⌧1 = ⌧2 = int

<latexit sha1_base64="sQzX4rBb1xeB4HxWYx/UI0mfovc=">AAACGnicbVC7SgNREL3rM8ZX1NLmYlCswm6IaCMEbSwjmAckyzJ7M4mX3H1w76wQQv7AT/ArbLWyE1sbC//F3RhBE08zhzMzzJzjx0oasu0Pa2FxaXllNbeWX9/Y3Nou7Ow2TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9AeXWb95h9rIKLyhYYxuAP1Q9qQASiWvcNQhSPg5z4rn/JByRgKgW0kjGdI47xWKdsmegM8TZ0qKbIqaV/jsdCORBBiSUGBM27FjckegSQqF43wnMRiDGEAf2ykNIUDjjiZ+xvwwMUARj1FzqfhExN8bIwiMGQZ+Opk9aWZ7mfhfr51Q78xNHcUJYSiyQyQVTg4ZoWUaFPKu1EgE2efIZcgFaCBCLTkIkYpJmlyWhzPrfp40yiWnUjq5rhSrF9NkcmyfHbBj5rBTVmVXrMbqTLB79sie2LP1YL1Yr9bb9+iCNd3ZY39gvX8BYGWfbg==</latexit>

: (int ! int) ⇤ int

<latexit sha1_base64="zkBSIq28lFPg1ENym76cTqWb4P4=">AAACIHicbVDLSgNBEJyNrxhfqx69DAYhioRdiSiegl48RjAPyC5hdtKJg7MPZnqFEPITfoJf4VVP3sSjgv/i7rqHmNin6qpuuqu8SAqNlvVpFBYWl5ZXiqultfWNzS1ze6elw1hxaPJQhqrjMQ1SBNBEgRI6kQLmexLa3v1VqrcfQGkRBrc4isD12TAQA8EZJlTPPL6gFcdneCdwLAKcOBhOt4dH013PLFtVKys6D+wclElejZ757fRDHvsQIJdM665tReiOmULBJUxKTqwhYvyeDaGbwID5oN1x5mpCD2LNMKQRKCokzUiY3hgzX+uR7yWT6Y96VkvJ/7RujINzNzEUxQgBTw+hkJAd0lyJJC6gfaEAkaWfAxUB5UwxRFCCMs4TMk7yKyV52LPu50HrpGrXqqc3tXL9Mk+mSPbIPqkQm5yROrkmDdIknDySZ/JCXo0n4814Nz5+RwtGvrNL/pTx9QNB/6R2</latexit>



Ex. 6, semantica den
t , rec f. ( �x. 1 , (fst( f ) 0 ) )

<latexit sha1_base64="3ECy0nRVKxJ1vEBjcrVbOuNI0y8="></latexit>

: (int ! int) ⇤ int

<latexit sha1_base64="zkBSIq28lFPg1ENym76cTqWb4P4=">AAACIHicbVDLSgNBEJyNrxhfqx69DAYhioRdiSiegl48RjAPyC5hdtKJg7MPZnqFEPITfoJf4VVP3sSjgv/i7rqHmNin6qpuuqu8SAqNlvVpFBYWl5ZXiqultfWNzS1ze6elw1hxaPJQhqrjMQ1SBNBEgRI6kQLmexLa3v1VqrcfQGkRBrc4isD12TAQA8EZJlTPPL6gFcdneCdwLAKcOBhOt4dH013PLFtVKys6D+wclElejZ757fRDHvsQIJdM665tReiOmULBJUxKTqwhYvyeDaGbwID5oN1x5mpCD2LNMKQRKCokzUiY3hgzX+uR7yWT6Y96VkvJ/7RujINzNzEUxQgBTw+hkJAd0lyJJC6gfaEAkaWfAxUB5UwxRFCCMs4TMk7yKyV52LPu50HrpGrXqqc3tXL9Mk+mSPbIPqkQm5yROrkmDdIknDySZ/JCXo0n4814Nz5+RwtGvrNL/pTx9QNB/6R2</latexit>

JtK⇢ = fix �df . J(�x. 1, fst(f) 0)K⇢[df /f ]

<latexit sha1_base64="3XpUW1/y/OF50nJ3I1v3zde/Saw=">AAACiHicbVHLbtRAEBybV3B4LK8TlxErpI2EHBsFBQ5IUbhwDBKbRNoxVnvcTkYZPzTTRllZFt/JB/ADfAFjY6RsQp9K1V1dM9VZo5WlKPrp+bdu37l7b+t+sP3g4aPHsydPj23dGolLWevanGZgUasKl6RI42ljEMpM40l28Wnon3xHY1VdfaV1g0kJZ5UqlARyVDr7IbTODMgLJE7CmAkLc14HHwNRAp0r6gp12QsutNubA8 /TIhTBFeHiX+cyFDx+M6qyoiss9YtiR/BoZ3Pz6lvndvS7aZGks3kURmPxmyCewJxNdZTOfou8lm2JFUkN1q7iqKGkA0NKauwD0VpsnBOc4crBCkq0STcG1fPXrQWqeYOGK81HEq8qOiitXZeZmxz+YK/3BvJ/vVVLxfukU1XTElZyMCKlcTSy0ih3AeS5MkgEw8uRq4pLMECERnGQ0pGtO8mGoaUSzNrkvQspvh7JTXD8Noz3wndf9uYHh1NcW+wle8UWLGb77IB9ZkdsyST75W17z70XfuBH/r7/4e+o702aZ2yj/MM/YCnFxA==</latexit>

= fix �df .
⌅
( J�x. 1K⇢[df /f ] , Jfst(f) 0K⇢[df /f ] )

⇧

<latexit sha1_base64="tcl4CyKeWcBkyL4wDl8W3oZDe+c="></latexit>

⇢0 = ⇢[df /f ]

<latexit sha1_base64="zbE6STO6gW93IEKMOJv8CfPyAc4=">AAACHnicbVDLSgNBEJz1GeNrVTx5GQyip7grEb0IQS8eIxgVNuvSO+nokNkHM71CWPIvetX/8CZe9Tf8AndjDr7q0BRV3VRTYaqkIcd5tyYmp6ZnZitz1fmFxaVle2X1wiSZFtgWiUr0VQgGlYyxTZIUXqUaIQoVXob9k9K/vENtZBKf0yBFP4KbWPakACqkwF7v6Ntk+6ic3nXeDXrD3aDnB3bNqTsj8L/EHZMaG6MV2B+dbiKyCGMSCozxXCclPwdNUigcVjuZwRREH27QK2gMERo/H70/5FuZAUp4ippLxUcifr/IITJmEIXFZgR0a357pfif52XUO/RzGacZYSzKIJIKR0FGaFn0grwrNRJB+TlyGXMBGohQSw5CFGJWFPUj0FAEeqC7w6Ik93clf8nFXt1t1PfPGrXm8biuCttgm2yHueyANdkpa7E2EyxnD+yRPVn31rP1Yr1+rU5Y45s19gPW2yfHWaNE</latexit>

= fix �df .
⌅
( b �dx. J1K⇢0[dx/x] c , (let ' ( Jfst(f)K⇢0. '(J0K⇢0)) )

⇧

<latexit sha1_base64="GjcfauXcAQrpddtjrlb0zv6rTQQ="></latexit>

<latexit sha1_base64="1rWVqZf8hr8rDtON/b5rfHlTdsM="></latexit>

Jrec x. tK⇢ , fix �d. JtK⇢[d/x]

<latexit sha1_base64="g3c/FG3ksgXPbW6p0nLPMMGtcqo="></latexit>

J�x. tK⇢ , b �d. JtK⇢[d/x] c

<latexit sha1_base64="MmDKNHhJ+OOb9tW7bHej6qi36X0="></latexit>

J(t1 , t2)K⇢ , b ( Jt1K⇢ , Jt2K⇢ ) c

<latexit sha1_base64="+Dx4C/TQOBHCfQLgMB4YkrgX30o="></latexit>

J t t0 K⇢ , let ' ( JtK⇢. '(Jt0K⇢)



= fix �df . b ( b �dx. b1c c , (let ' ( ⇡⇤
1 df . ' b0c) ) c

<latexit sha1_base64="2SCkZP+MwV3AqpPs+74O7mKTAyM="></latexit>

= fix �df . b ( b �dx. b1c c , (let ' ( ⇡⇤
1(JfK⇢0). ' b0c) ) c

<latexit sha1_base64="885aTfezjtLRandnSx2npQU4+tQ="></latexit>

= fix �df .
⌅
( b �dx. J1K⇢0[dx/x] c , (let ' ( Jfst(f)K⇢0. '(J0K⇢0)) )

⇧

<latexit sha1_base64="GjcfauXcAQrpddtjrlb0zv6rTQQ="></latexit>

Ex. 6, semantica den

<latexit sha1_base64="eZ63C6Rr92zzifsBkvorOlFdAa4="></latexit>

Jfst( t )K⇢ , ⇡⇤
1 ( JtK⇢ )

<latexit sha1_base64="QH4VXTGa5rtyTMh/4ZwmswauWZk="></latexit>

JnK⇢ , bnc

⇢0 = ⇢[df /f ]

<latexit sha1_base64="zbE6STO6gW93IEKMOJv8CfPyAc4=">AAACHnicbVDLSgNBEJz1GeNrVTx5GQyip7grEb0IQS8eIxgVNuvSO+nokNkHM71CWPIvetX/8CZe9Tf8AndjDr7q0BRV3VRTYaqkIcd5tyYmp6ZnZitz1fmFxaVle2X1wiSZFtgWiUr0VQgGlYyxTZIUXqUaIQoVXob9k9K/vENtZBKf0yBFP4KbWPakACqkwF7v6Ntk+6ic3nXeDXrD3aDnB3bNqTsj8L/EHZMaG6MV2B+dbiKyCGMSCozxXCclPwdNUigcVjuZwRREH27QK2gMERo/H70/5FuZAUp4ippLxUcifr/IITJmEIXFZgR0a357pfif52XUO/RzGacZYSzKIJIKR0FGaFn0grwrNRJB+TlyGXMBGohQSw5CFGJWFPUj0FAEeqC7w6Ik93clf8nFXt1t1PfPGrXm8biuCttgm2yHueyANdkpa7E2EyxnD+yRPVn31rP1Yr1+rU5Y45s19gPW2yfHWaNE</latexit>



Ex. 6, semantica den
JtK⇢ = fix �df . b ( b �dx. b1c c , (let ' ( ⇡⇤

1 df . ' b0c) ) c

<latexit sha1_base64="YTIQxN4hPoMcpFa+gG6h7taCVxk="></latexit>

f0 = ?D(int!int)⇤int

<latexit sha1_base64="q7Kqbotzu0b+7nXPgYg/jZ2QWLQ="></latexit>

f1 = b ( b �dx. b1c c , (let ' ( ⇡⇤
1 f0. ' b0c) ) c

<latexit sha1_base64="d/BSZ+JoDFo/JDi43H+T8Es6vek="></latexit>

= b ( b �dx. b1c c , ?Dint ) c

<latexit sha1_base64="STvhh6PzifsrdbRGiufQbG6MJf8="></latexit>

f2 = b ( b �dx. b1c c , (let ' ( ⇡⇤
1 f1. ' b0c) ) c

<latexit sha1_base64="sSCF3SFVIK4M7jGWxoll0XCo27o="></latexit>

= b ( b �dx. b1c c , (let ' ( b �dx. b1c c. ' b0c) ) c

<latexit sha1_base64="2kPdhM59Du8SbV6fxKLaaYuLgLk="></latexit>

= b ( b �dx. b1c c , (�dx. b1c) b0c ) c

<latexit sha1_base64="dQmWw6ZyMbeyp22qhMCTgvH9hhA="></latexit>

= b ( b �dx. b1c c , b1c ) c

<latexit sha1_base64="fYipJOxeQq1vEgP9QrIAKyc/240="></latexit>

maximal element!



Ex. 6, semantica den
t , rec f. ( �x. 1 , (fst( f ) 0 ) )

<latexit sha1_base64="3ECy0nRVKxJ1vEBjcrVbOuNI0y8="></latexit>

: (int ! int) ⇤ int

<latexit sha1_base64="zkBSIq28lFPg1ENym76cTqWb4P4=">AAACIHicbVDLSgNBEJyNrxhfqx69DAYhioRdiSiegl48RjAPyC5hdtKJg7MPZnqFEPITfoJf4VVP3sSjgv/i7rqHmNin6qpuuqu8SAqNlvVpFBYWl5ZXiqultfWNzS1ze6elw1hxaPJQhqrjMQ1SBNBEgRI6kQLmexLa3v1VqrcfQGkRBrc4isD12TAQA8EZJlTPPL6gFcdneCdwLAKcOBhOt4dH013PLFtVKys6D+wclElejZ757fRDHvsQIJdM665tReiOmULBJUxKTqwhYvyeDaGbwID5oN1x5mpCD2LNMKQRKCokzUiY3hgzX+uR7yWT6Y96VkvJ/7RujINzNzEUxQgBTw+hkJAd0lyJJC6gfaEAkaWfAxUB5UwxRFCCMs4TMk7yKyV52LPu50HrpGrXqqc3tXL9Mk+mSPbIPqkQm5yROrkmDdIknDySZ/JCXo0n4814Nz5+RwtGvrNL/pTx9QNB/6R2</latexit>

JtK⇢ = fix �df . b ( b �dx. b1c c , (let ' ( ⇡⇤
1 df . ' b0c) ) c

<latexit sha1_base64="YTIQxN4hPoMcpFa+gG6h7taCVxk="></latexit>

JtK⇢ = b ( b �dx. b1c c , b1c ) c

<latexit sha1_base64="jHDf1EXWsLOlAVwLexym5Mzwe5Q="></latexit>


